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Higher Order Differentlation and Its Applications
'(x) = 80x" + 36x
*(x) = 240x” + 36

3. Partial Derivatives

Given a function y = f{x), the derivative f '(x), represents the rate of change of the function as x
changes. For a function of two variables, such as z = f (x,y), one variable could be changing

faster than the other variables. It will be completely possible for the function to be changing
differently. '

For a function of two independent variables, z = flx,y), the partial derivative ‘2’ with respect to x
may be found as normal rule of differentintion. The only difference is' that, whenever or
wherever the second independent variable ‘y’ oppears, it will be treated as constant in EVETY
respect. Also-the partial differentiation of y can be found by treating X vs;ri:ll_:lte as constant,
Notations of partial differentiation are given below:

Motations of Partial Differentiation ' |

Partial derivative of zwrtx | 9z | IX
| dx

Partial derivative of zw.rty | 92 | Fy
Example: Z=x"'y' —x'y"
az _ _
ol 43.3}?: 2xy*
dz i 2
-a—r“' % Y= ax }"
Partial derivative can be defincd as:-

. L J—

If =z = Mfxy is a funetion of Iwo variables, then =
%. called partial derivatives of = with respect to x and y respectively, be the derivative z w.r.tx
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5
Differentiation and 1ts Application :
Al the rules ©
51:]:“'-
nd the derivative 2 w.rLy by keeping ® 45 cof
ted when partial differentiation can be caleulated

Symbolically W =F (x4 then
#r ¥ )=
fl*";;“-lm Iixsa :r'l ey
s LE3ad yi=f {x)3)
f'_‘l H = Ll-ﬂ' el I_E_L_f_f_]__

Ay '
provided these limits exist.

Example Lz = f(x, y) = Ky dxy 4ty

&
;§=3x=5'+2r:.-?+:.'+1

e 3 :
a3y N tIXytxsdy

3.1 Higher order partial derivative

For a function z = f (x, ¥k (x) & 1 (¥) an= the two first order partial derivatives with respect Lo
X and ¥ respectively. Since ‘z* is'a function hence (x} and ' (y) are also a function, hence,
second order partial differentiation can also be found,

more than one variable are (g ba ohserved. e.p differentiating a function with respect o "x" first

and then ‘y" is called as mixcd partial derivative. The various notation of partial derivative are
given in table: E

Notations of second order pantial derivatives

Partial derivatives of z l’ Notation | Natation 2 —| Notation 3
(w.rt, x twige a4 fE g _\
dr gy It fxx
-
#ol__
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Higher Drder Differentiation and Its Apolicatinns

W ym:.;_r_ o ¥ ff".' FuUs = Fyy
| TR et ?
f.;'-?‘ll "I:lhi-fh-“.q-!lm G 1 1- l‘r r - .!-lr — —Cf .I'-‘u

— 'I e ¥
] Ay By Ay da
| Wt v first thansy _E'f: '.' - s |
l M -ﬁ‘- r'iT 2

A ﬁlnfﬁrTH‘hI;?ml.r.'pmt;Hc el F-;.mul :lmwlhﬂ. 1|T‘I-L‘1‘ll.1l'“‘ Anre ﬂ|-'|l:lil'll'.l{.i':"j;'-'|| | r.f:l';;'r‘-mi
function w.rt 'x* twice, wrs, ¥ twace, wort, & first than y and w et y first then x. All derivatives
have sign (+ or +) interpretntion af these tigns are a3 follows.

| Partal Sigm Imterpretation
| derivative
[ dz - Slopes in x direction is positive
| ¢x 2 Slopes in x dircction is negative
! oz " Slopes in x dircetion increases as x increasesiy constant)
] x? - Slopes in x direction decreases as x decrenses(y constant)
|' 9z + Slopes in y direction is posttive
ay - Slapes in y direction is negative
a8z + Slopes in y dircction increases as y increascs(x constant)
ayr . Slopes in y direetion decreases ns y decreases(x constart)
@'z + Slopes in x dircction increascs s y increases(t constant)
ay ox N Slopes in x di.i-cctiun decreases as y decreases(x constant)
diz B Slopes in y direction increases as x increases(y constant)
ax dy - Slopes in y l.'i.il'l'-"l:liﬂﬂ decreases ns X decreases(y constant)

Example 2 = x"* y"* - 0 find f; interprate the result

:.uLE = {).5 :"!'].‘“
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Higher Order Differentiation and Its Applicatio

L .
i~ (K] me
BT 3 (0.5 %7 y)

={0.5){-N.% 1'”‘?‘1"1'

=025 x4
and 1-1.5

4 i i | iti i ns
Since x and y are positive, positive number raised to any power is positive; hence y
are positive . the term -0.25 in equation ghow that second order differentiation of z with e,

t 3 1 [ - . L) | 1 i i
0 X twice is negativé meaning that the slope in the x direction deereases as x increases when ¥ 15

constant.

Example : 2 = fix, y) = ¥’y X7y +2x b xy +x o+ y?
Fx=x"+ 2x%+ 237 4y 4]

fir=x° +2x% + x + 2y

fxx= Ex;-I.HE:.-’

fry=2xls2

By = 3x% + dxy +1 4 "[

fyx = 3x% + 4xy +1 oy 55

1

o —

OBy =1yx.

"

order partial derivatives (also called as cross partial derivatives) are

The two mixed second
Itis explained by the following theorem given by

always equal when fixy and fix are continuous.
Alexis Clairant also know as Young's theorem,

Theorem: Suppose f is defined on a disk D, which contains the point (a, b, If the part 11
tly . parta

derivatives fxy and fyx are both continuoys on disk D, then

fxy (a, b) = fyx (a, b).

Example:- Verify Young's theorem fx,y) = x g=x*»?

Solution:-

by
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Higher Order Differentiation and Its Applications

BN, ¥) = =100 3 2 gmatp
(xy) = -2 x" y g=r'y?
Now, compute the two mixed partinl derivatives,
Pey(x ) =-2x%y P L ¥ gt =¥ty

-t ye~ T4 I‘}"\E _,‘-i}.-l
ByR(xy)= -6 5% y o=V g hyleety?
o Iy =fyx

Hence proved.

3.2 Partial derivative with many variables

Ifzmfix), X3, %) then

i s o I, ; i :

Eﬁ- is the differentintion of the function w.r.l. x; when all the other variables x; (j#1 } are held
constant, i |

o 02 o AL G1x2am)
ﬂ-". ﬂxl

ﬂ_"d E_Ewmdsnnn

dxz dxs .

Suppose, there is a ﬁmn:hﬂn whmh consists nf thrc-e variables v = f(x, v, z). For such a function,
there are partial derivatives of wrtx, yandz Wh:n partial derivative has 1o take with respect to

one of x, y and z assuming other two mdcpn::ndent variables are constant.

In general, function consists of n variables. If Z= f (x| X3persmr%a) theD partial derivative of z

W.LL X; 1S -gii when all the other variables x; (iF1) are held constant.
x

i [ ix1 %2, b+ h.xn)= f (X1 DO, 1 fo
fxj= ﬂ-x{l- = Ly —0 L I

¢ o5
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Order pifferentiation and Its Applications
Higher

provided limit exisis.

" 1 4
Example:- £(x, y, z) = %" +Y +z

ix= & () = 7%
ix

fy=3y"
fr=4z
Example: Find Zsxx, Zxyx, Zyyy,Zyxy of the function
Zm 357 5x+7y) “
Zx= 3x°(5) + (5x+Ty)(6x)
= 4;5::1_ +d42xy
Zxx=90x+42y
Enx_= 90.
Ixy=0+42x &% F '
=42x. " |
Lxyx =42 o o N
Zy=3(7) 4 Gre73)0).
=21 & o
Zyy =10 B oA
Zyyy=0,
Zyx = 42x

Zyxy =),

}r]

L
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Higher Order Differentiation and 1ts Applications

Zx = (9% — 4y)(12) + (12x + 2y} (9)
=108x —d48y + 108 x+ 18 y
=216x-30y

Zxx =216

Zxyy =10

Zxxx =0

Lxy = 30

Ixyy=10

Zy = (9x-4y) (2) + (12x +1y) (-4)
= | 8x — By -48x -8y
= .30x -16y

Zyy =-16

Zyyy =0
1+F

Example: Find Zxx, Zyy of the function Z = e

39(1)- (x+¥)(0)
(3y)2

EI:=
-5
y

Zxx=10

Fp{1)=(x+y](3)

=3x =X

(3y* 3y?

o ¥
Zyy=-3(2xy") =3%y"
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Higher Order pifferentiation and Its Applications

can be extended to any function of ‘n" number of vanables

Clairaut theorem (Young's theorem) . =
) : : has 1o remember that in each derivative, we

and their mixed partial derivations. The only thing

; imes.
differentiate with respect to each variable the same number of im

For three varigbles, according to clairaut theorem,

f,-_'. I{:".', ¥, H} . I'.-z {1.}",3}

provided with the derivatives are continuous,

i
|

The partial derivative is approximate equal to the change in function.i.e,
ST T L SR Xith, X vumaXn)= SXA e o XE13 X7 Xjel 5 %n I.I -

There are n partial derivatives of first order, For e;u:h of the first order pamﬂl order derivative of
the function, there are n second order dcm‘atwcs ie,

LT L G b Seiiaiis
r dxf ﬁiﬂ:" ﬂxja,ﬂ_‘& X ﬂ‘lun,_r—i-.]_ﬂ_

n” elements are there. Therefore, n*n matrix of sac:m:i order partial derivative is the
Hessian mairix which is symmetric and all f;=fx,=. ., =f,(Clairant theorem)

i

So, total

11 |12 o p1n
f21i f22% fan:
A1 fuden fon

Example:

If the two demand functions for the two commodities are given by

g 2
xb— jrz
p T

then the margina) demand functions are

P e
dp pz dp g
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Higher Crder Differantiation and Its Applications

2% 1 Sy -
= L
dr P 0y g2

Since 2 =0 and 22
= and = =p
dq ap =0 therefore, two commodities are competitive,
Example;
If the demand i
Tunctions for jwa related commodities are given by
—n a9
¥=ae™ and y=he™ ¥ whepe azEl h=0
Solution: §j
lution: Since twa demand functions are Biven as
x=ae™
y=be"

their marginal demand functions can be calculated as;
ax . a

—_— P —-'?r—'u

e 3o be'r . _

K "
'\.-. “ r

dx ’ dy
— = "HP'E s Jo :
dyg hgp'q i

dq L

ax Ay o L '
Because — < 0 and 3p =0, therefore the given commadities are neither competitive nor
]

R

complementary.

Example ™ o, e

Consider two pmduEﬁT A and B. the demand for good A and B, & described by following two

r i

equations

= 200
e = papv/2

_ __looo
Qo Palf3pa

Solution

& og

find dg/ 8q given the result explain A and Bare complementary or substitutes.
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Higher Qrder Differentiation and 1ts App

P 1-1|'-||' it na

A =1 13y &
m = 2000 (=) )
r,-'l'.':l'
- JonD B
pa
2 3
=100 pa” pb *?
b Fality
= —
-t ]
dgk i A6
— w100y
dpa  Aph 2 R T

ingd &

- o o [0
b i-‘ﬂm ‘

Aoy = A 100n
dpa  Aps {NI-”

)

Py

i0op -~ .
=t 1._1:1.!.".'!]_

Py 3

= = 0bn 1 n;= |

r_4 r v
We know that p, and Pu are positive because prices ean never be negative therefore:

dga 100

—

Apb 'r;m phag2

*
)=-=)<0

agh 1004 +
—— e — = [——.} £ u-
& pit Ipn4f3 ph + 4

Because both cross elasticities are — Ve

Example: Two goods are complement goods,

The Stone-Geary Utility function |s written as u= log U = By

log '[ﬂr*'i"n]"‘ﬁ:ﬁq = Vi), where u is
the utility index, g, is o ’

the quantity nlcnmmnditw, 0<fi<1, >0, Gi-n>0andi=12

the marginal utility of this function with respect ta 1 and determine jts sign

8o
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Higher Ordor Differentiation and 1ts Applications

b. What is the significance of a positive marginal utility?
c. Find the second derivative of this function with respect to g, Does the utility function
exhibit diminishing marginal utility?
Solution: Utility function is: u= log U = [} log (q =)+ [l 91 = 12)

A, Marginal utility is given by :fi“- ~ i_ﬂ]_i: whieh is greater than zero; because both the
dgy (=1

numerator and the denominator are positive,
b. Since marginal utility is positive; this implies that as utility increases monotonically with

Merease in qy.

d? Tia e : i R i
. E%'— = - E-EJ——[} which is less than zero. Since the sccond dervative 18 negative, the
1=¥1)

utility function exhibits diminishing marginal utility.
Example: Given the production function: =
P(LE)=SL'? K" 4L,

Find out the partial elasticity with respect to 1ﬁbnlr_ at (L, K)= (1024 ,2T).

it

Solution: PLK)=SL'K24L. . | ¢

; L . o
€= P L (L'K}.Lﬁm H

415 -1 L i
=LK +”551.r=k1..'3+;, ;

LM,
H
LIS

mﬁuﬂzwia‘lnnn _ 259
Therefore, at (L,K)=(1024,27) we have CLc—=rrmaii o an

= incre ith 1
This explains that if capital remains constant at K=27 and at L=24 labour increases Wi

A 289
percent, then output will increase by = percent,
Example: Utility function is given:
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ifferantiation and Its Applications

Higher Order D

1= e X0

Calculate the marginal rate of substitution between X.Y.

Function is 1= X" y0*
First, take the partial denivative of LI with respeet lo A lo get MU,

MU,.22= 05N 4y
Next. take the partial derivative with respect to Y to get MU,
MU, =20 = 05Xy 2%,

Dividing MU, by MU, we get

i"'l"!l.ﬁl_ﬁrM“‘I n_f.‘[-ﬂ&]-!u:
MUy p5rasiy-o3

Example: Given an isoguant
Q = KI-‘ELHI
Find om slope of isoquam, ;
Solution! Slope of Isoquant = 2% u ol i
dL

ok _ 9080
di AL ax

B0 116y
il JKJ‘L

& .
- y
o

Example: Given ge .
mand function (. gy, 2P=0); angl average cost
o sl function
AC=( -39.5Q+ 1204 125/Q
Scanned with CamScanner



Higher Order Differentiation and Its Applications

Caleulate the level of output where:
(a) total revenue is maximum,

(b) marginal cost is mininmm,

() profils is maximum,

Solution: (a) The demand function is Q- 90+ 21=0.
2P=90 - ()

P= 45 - 0.50
TR= PQ= (45 = 0.50)Q
=450 - 0.5 Q°

Written as

For maximizing TR, first-order condition is:
11 I g
) =5 - Q=0
Q=45

pn’ o TR
and second-order condition 15, T 1<,

Therefore, at Q=45, TR i3 maximized.

(b) AC= 0% 39.50Q+ 120+ 125/Q

TC= AC.Q= (Q* 39.5Q+ 120+ 125/Q)Q
= Q% 39.5Q% 120Q+ 125

- MC= 22 =3Q° -79Q+ 120

d*MC
MC is minimum when, d:;c—ﬂ and — D

dMe » 32
TR 6Q -79=0

Q=13.167

d*mc
And, e =6>(,

Hence, at Q= 13.167, MC is minimum.

(c) Profit (r) = TR-TC

=45Q - 0.5 Q* - (Q'- 39.5Q"+ 120Q+ 125)
=.Q +39Q*- 75Q- 125

For maximization of profit, first order condition
dm 2. L YE =
Fﬁ =-30°+ 780Q- 75=0
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Ml
(-3 4 IR 1) =0

4 b \
Ol mul (= =

. edder comdiinon,
amd for gecomd ond [y 18
L R T I
g4
When Q = | then,
1! I o 20,
gt

When Q=25 then,

i
Lk L),

s

i

Therefore, profit is moximum when (=25
Maximum 1= (25" 30 f!_‘-‘.]j«?jﬂﬁj =| 25= G750,

Two different demand functions nre given:

Example:
el Qg = 50 =04 Py

Q=21 -0,1p,

TC =2000+1p Q where Q= Q-+ Qa,

(b) without discrimination between markeis?

Solution: since demand funetion |
Therefore, Py=210- 10 0

And, TR=P,Q, = (210- I{Jl};JQr =-EI{JQ;* 10Q,?
.

MR:=——-=2H}- 20Q,

id
']

Profit is maxamum wheén MR= MC,

When Q;'—' “], F] =210- Iﬂ“ﬂ]ﬂ 11{)

demand function i second market is, ()= §() — 0.4P,
hence, Py= 125 -250Q;

TR=(125-25 Q)0 = 125Q-2.5 0,2

what price will the firm

in first m:lrkel 18, Q= 21 0,11,

o and s Application:s

churgo (u) with diserimination and
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Higher Order Differentiation and Its Applications

MR= 2T _
5= e 125- 50,

When MRy=McC
125- 5Qy=10
=23
When Qy= 23, then Py=125_.2 3(23y=77.5
The dize
nmunllng monopoly charges a lower price in the second market where the d dis

relatively m
¥ more elastic, and a higher price in the first market where the demand is relatively less

elastic.
Example: A producer is a price-taker on both
the market for ::nd products, The cost of one unit of labor equals w = 2, the cost of one unit of

32, while the selling price of the end products equals p =32, Thv: production
Determine the maximum profit.

the market for input factors labor and capital, and

capital equals G
function of this producer is given by YILK) = LY g'a

Solution:
The revenue function is R(L,K) =p.Y(LK)=32 L g'"

Cost function
C(LK) = wL + K= 2L+32]§,___J_m::i
Hence, profit function becomes
I(LEK)=321"K!2 _or " 32K |
Partial derivative of n(L,K) is ,gwen hy .
mi=4L-"K'" 2 and it

m=16 LK% .32
the stationary points of profit function are s-t_ﬂutiun-s of th;:_ﬁ:l!wn ng system

¥
| 4]

4L-"*K' -2 =0
16 L'*K " .32=0

Hence, K'2=1/2L"" and
therefore, K = % P
Consequently, L'%(1/4 L'%)'#=1

which gives L=1 and therefore, K=1/4
Hence, (LK) = (1,1/4) is the only stationary point. By the use of the criterion function we

investigate whether or not this point is a maximum location.

ap=-3.12L"1 %K%
-2y
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tion and Its application

Higher O rder pifferentid

ity 8L K and e i
mrtm 2L 712, which implics that the et

C{LK) = ml", miy (i)’ T
= (-3.1/2L K-8 K A LK)

W AL B b

=24 L0
Hence, as C(1,14) >0 and my (1,1/4) <0
at (LK)= (1,1/4), with valueir=6.

it follows that m{L-f)has a maximum  profj

4. Quadratic Forms
A quadratie form of two variables is
fix,y) = ax® + 2bxy +cy’;

a.b.and ¢ are eonstants, Now, using matrix notation:
LA ﬂ by X '
=y (5 2)G)

fi17 28, fi2= f31=2b and f22= 2c are the second order partial deri vatives of the ﬁmcnﬂn f(x,}r]
Therefore, the Hessian of f jg given by

a b
E(.E: r:)
The given quadratic form is said tu positive definite if F[ar.

¥) 20; for all values of x and y i.e,
(x.¥) # (0,0), and positive semidefi

nite if {x,y}=> 0 for all values of (x,y). The given function is
negative definite if f{x,y)<0; for all values of x and y:

and it is negative semidefinite if f(x,y)=0.
And it is indefinite we have two diffe o
> - % rent pairs of x and ¥i (0¥ and (x",y"): and also fix*,yH

equations: y Df"'tc""i“ﬂ the definiteness of the

) M(x1,%3) = 4x? +8x ¥ +5y°
b) ﬂxhxﬂ = x* +xy - jyz

Solution: a) fix,y) = (x, ¥) (:I ;j {;}

Therefore, symmetric matrix js (* 4
trix is ( 4 5) whose determinant

IS positive, Hen
values of x and y. Therefore, the quadratic form js positive  TORRCOR.
e

[nite,

Scanned with CamScanner



Higher Order Diffarantiation and (ts Applications
x.y) = v.n( 112y a
. 1/2 -3 } Ly)

Therefore, svimmetrie i -1 172
. etrie matrix s [U;’ jq) whoge determinnnt s negntive, Hence, [{x,yh=

0 Foor all vilies o i, -
Fxand y. Therefore, the quadratic o bs negative definite,

& Exercise:

l. Find .
ind the second — onder pantinl derivatives fux, fyy and fxy for ench of the following

functions:

(B) Z = (7x +3y)
(c) Zm (x™+ Sy)

(d) Z= (2x+5y)c”

(¢) Z=log (1+ x%) +y*

(f) Z=>3x"e" '

2. Consider the function: f(x,,x,)= (3x] + 5x,+ 1) (x, + 4).

a. Findf; and f;. ;

b. Find fis, f2, fi2 and f3,. - B

3. Assume the demand for sugar is a function of income (Y), the price of sugar (P;) and the

price of saccharine (P), a sugﬁr suhﬁ:titute. as follows:

O, = f(Y,P,P,)=005Y + 10F,- SF}.

a. Find the partial derivatives of this demand function.

il R
b. Find the elasticity of demand with respect to income [—H:?]: o when Y = 10,000, P, =
d

SandP.=17.
@—.3) when Y = 10,000, P, =5 and P,=7.

¢. Find the own-price elasticity of demand [ P
i il
10,000, P,=5and P, =T.

F
d. Find the cross-price clasticity of demand [ﬂ ' —) when Y =
P, @,

4. Show that fxz = fizx and fxzz = fzxz = frzx from the following function

o |+
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Applications
pation and 18 AR

¢ PUITEIEieh
!'l'\-:L"l" Qircler § !

ook I
E“‘ ‘.1‘ "\llk e ‘.-

t ' YLy Vim 1‘ LS :
. R Ll LN ARRRL & | 'S |L~|I L]
‘q, ."'\‘ .-., 1 1 "\.Il.h'l..'l.\ |. &

(R 1 |

L "1'-"'. o

5
I~ -

"4
N ™Y % 2
Na | elasticioy,
. oy (i all partiy
Bt comvmedities Xy amd Xy amil alse
“_.hlt Lo 1] VR say abown the o

ity ¥, the detinan
b g oty Y, 1
s esmeditiesl convmedity X and - comn
b A finn Proaiees a g

functions &
F ] 7"3'—-:'[
Pr=l3 "'1|': ! )
) I FROY Wit wil] be

the prices of iva Products so that joint protit will be the maimam,

1
Consider a produetion fanction that takes the form P LK and assum flr enpital

{!ﬂiimnsr:mt at Ky = 64,

=

1‘["
3. Find the margingl product of labar, :I

B. If the Jabor Were paid real wage euivalent 10 the marging Produet of labor, how Many
fabors would pe emploved when the :gniug WAaRE tate fx |
€ What happens bo the number of labor demanded When thye wage declings 1o g9

d. How many labor would ke demanged iFwage PEmaing 8, bt the capital iy nerensed 1

100%
. TR p o
€. Find the CrOss partia| I[t"l‘l'lll'ﬂtl‘-'li', '—r_ I# -
e +

8. Example: Twe differen demang functiong e give
QF‘* 1] "1]11-2]11 and Q;“ |ﬁ-2|‘h|-3|,'!;|

I

MRimize gy profil ﬂfnhﬂmpnlim el also Ging

9. Two differeng demang lunctiong nl‘tlixcriniinulm B Monapg ;

PI=140-7q, apg P2= 9004 Q22
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Highe
gher Order Differentiation and Its Applications

TC = 20 +2q + 3g" where an
T M+ ga, whay price will the firm charge in two markets 16 maximize

profit?

Solution:

1. . fx:::.'iis_}':ﬂ_ L =5 x4+ 43 s
[2xg5y)n* fl."‘-.'lr E?;EJTJ? S| 1._];:;' = F}rn - ——II'm‘"""hl-'h“‘:I

[2x45y)?
b.fxx =2 ' :
4(Tx + 3y, fyy = 54(7x + 3y) and fxy=fyx= 126 (Tx +3y)
c. fxx= 30.‘:[{:{14"5}’}"’ ﬁ:{ﬂl +5:,."j|:'};l'}r:,r-=5l:]{;|-:j +5y7 and fxy= 300 [?I-! +5y7’x"

d. fxy=2e* fxx=0.
ot i , -
e. fxx W.r}'}p 2 and fxy=%::—l:=f}m

£, frox= 6x e™; fyy=dx’e™ and fry= 6x7e?
2. Dernivatives
A fi = Oxpxy + 24x; + Sxp + 20, 7 = 35+ Sxp+
b. fu=0x;+24, =0, fi2= 6x/+'5, and f3,= 6ix; + 5. Note both cross partial derivatives
are equal, as they should be, acnm_ﬁing to the Young's Theorem.

o

3. Answers: | _.
YR Y e R
== 005; i 10; > -—.Ililﬂﬁ_. l
b, 1.12 |
c, -0.56
d. 0.16 '

4, Apply Young's theorm whf

9*1 and :ﬁ are both greater than zero. Hence, the commaodities X, and X; are
1

5. Since
dp2

competitive.
B, Pi= 3.2 and p= 3.9; g= -'[.7', 811= ﬂ.ﬂ; e1= =2 and = 0.5.

1. Answers:

5. i_!?
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licatlons
srder Differentlation and Its App
Higher O .

\ i A0
5 = & — 1
\ :
e "I |]
]"'. L 1 I" Ii"f
J M § L B
€. L =25 labor demand increases with wiage ge
I
o3 1z &p y
d. __1= —."| = —=frje, L =19,
. L, ;
EI
o
€ 25Lig2

8. x=] and y=2;n=§

% pi=110.52an4d p:=8352and q= 13,17

6.References:
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4. Rosser, Mike, Basic Mathematics fﬂ

rEccmnm:stﬂ Second Edition, Lnndun 2003,
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Change ¢ 1o x in sk, v(8), and
il in Example 5.5 Use n

graphing ulility 1o Eraph wix)
and aix) an the same coordinate
AXES using a Viewing reciangle
ofl0. 211 by 1 -3, 5.5, Explain
whil jg Bappening i Vi) whan
a(x} is zero, Then HEE Your o).
culator fo see why effect
changing 58} to 5y} = 27 =
3r + 4r has on W) and a(#),

HiGHER-Orper Denivanives

_ _':_.!.'I-!II'IFE'I' 2

3

e —

= Soction 4 The Second Darvative 165
(i), Thus, the sccelerstion may be thought of as the e

|!1L-_ Positing Tanceion

derivagivg of position; iy s,

il’s
o) = F

This notation |y used in the following example,

WEX AMPUETGS5 R

Ifalh': pmilifm of an object maoving abong a straight linc is given by s(n) = ¢ -
W e at time 1, fing iy velocity and acceleration.

The velocity of the object is

and its acceleration s
s

—

o
a{rjal—fi:drz-ﬁr-ﬁ

.-

If you differentiste the second derivative (v} of a function ftx) one more time, you
Eet the third derivative (1), Differentiate ngamn and you get the fourth derivative,
which is denoted by F™ix) since the prime notation f™(x) begins 1o get cumbersome,
In general, the derivative obtained from f{x) afler n successive differentiations is called
the uth derivative or derivative of order n and is denated by F™(x),

Fany positive integer u, the nth derivative of
ng successively n nimes,

The nth Derivative m Fo
nction by differentian

4 function is obtained from the fu
Il the original function §s ¥ = fix), the mth derivative is denoted by
dy Gy
oAl A e
following functions:

Find the fifih derivative of each of the
(@) fix) = 4’ + 52 + gy — |

21
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M= 8 -6 iy

LyesvEe syt

IVl
S = (3¢ 4 1y’

Th=q?, 5)8

Differentiation: Basic ¢

166 | Chopter 2 crcrEae o

i) ¥
Sodution
(a) ()= 12¢5 + v 4 6

vy = x4+ 10

) =24

Illnil‘”l:-_l:l - L]

=0

' | 1
A S MO S 1
ih) gt tx~") ¥ =

dy o ; 2

—_It—— o i =2 o J =]

‘_IE.‘ ﬂ:l-( } T _1;'1

£y i

% e ¢y R .

X
.:f":l' d
U ET) =2 = E—f
¥

u"j':iﬂd -3 i 120

n‘EI.3 el £ )= =1 = -r-F
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e ;
Maptet 2w Sptinn f The Secomd Darkeafive 167

I, s = -_:"_! 13 i
V4o AT

LNy = 443
) = a2 4 1yt iWse the prowlue) rule.)

14, fivy =
Ay = 2ty 4 ' (Use the prowduct rule.)
e — 2y

|s.,-h.(' r\?
P4 Iﬁ,.fr—j-—

.‘ -
j-" PPII.I.F!I":"'I"I'I.! 17 thrawgh 260, the poxition s(1) of an object maving along a streight
e i given, In cach cure,

f:i F.M e obfect's velocity v(1) and acceleration aft).

(8} Find all times 1 where the acecleration 1 0,

thoati) = 3 — 50 < 9 IBosth =20 — 5 +1 -3
19,500 = (1 = " + (2 + 13 20,500 = 457 — 152 4+ = 3

WORKER i :

EFFICIENCY 21, An efficicncy study of the morning shift at a cerain factory indicates that an
average worker arriving on the job at B:00 A.m. will have produced () =
= + 87 + 15¢ unilts ¢ hours later,

(a) Compute the workers rate of production at 9:00 A,

(b) At what rate is the worker's rate of praduction changing with respect to time
at 900 A

{c) Use calculus 10 estimate the ehan

2:00 and 9:15 a.m.
(d) Compute the actual change in the worker's rate of production between 9:00

and 9:15 A.Mm.

ge in the worker's rate of production between

INFLATION 22, It is projected that ¢ months from now, the average price per unit for goods in a
certain sector of the economy will be P() = —f + 77 + 200r + 300 dollars,
{a) At what rate will the price per unit be incressing with respect to time 5 months

from now?
(b) At what rate will the rate of price increase be changing with respect to tme

5 months from now?
(c) Use calculus to estimate the change in the rate of price increase during the

first half of the sixth month,
(d) Compute the actual change in the rate of price increase during the first half of

the sixth month.

POPULATION GROWTH  23. Suppose that a S-year projection of population trends suggests that ¢ years from
now, the population of a certain community will he Piy = = + 97 + 48t +

200 thousmnd,
(a) At what rate will the population be growing 3 years from now?
(b} At what rate will the rate of population growth be changing with respect to

time 3 years from now?

23
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Diffgrentiafion: Basic Concegy,

i

goat | Chapter 2 |

. ' . pate of population growih ‘I“ﬁng
q¢ the change i the

3 patimin 1

=l
{he Tourih ¥e .
. | change in the rale

e} Lue calenlits b
the first et

i) Crmpate 1he '..”H"‘: sl
monih of the fisnth Ve

of population growth during the fitsy

Is, its distance frop, b
' : hat after ¢ seconds, :
stright Hine 56 rs. Find the accelerain
ACCELERATION 24, An object "““t":frﬁ r:-‘*“ f?r’ + 100 + 12 meters. Fin n of
stnnting poind 18 LA =

. et sfier 3 secnmnds. ;
the object &  pone D(1) = 641 + e EH kilometer,
ACCELERATION 25, After ¢t hours of an 8-hour trip, a car has £ : function of 1
) Derive a formula expressing the acceleration o o o M':lln time at the mil
::]' 5.::;:1I rate is the velocity of the car changing “;“h NHE-F: time? N
/ 3 iy : decreasing ot s U
? Is the velocity increasing or .
() ;j;r:::i':-“rrlfncr1 does the velocily of the car nctually change during the sevemp,
hour?

MEDICIKE 26, One biological model* suggests that the human body’s reaction 1o a dose of med-

icine can be modeled by o function of the form
F= %EKME — M%)

where X is a positive constant and M is the amount

of medicine absorbed in (he
blood. The derivative § = dEﬂF? can be thought of as & measure of the sensitivity
of the body to the medicine,

{a) Find the sensitivity 5.
2 yFing 5 _dF

_— O —

Y and give an interpretation of the second derivative.

BLOOD PRODUCTION  27. A moder” for the producti
27, nduct '
funetien, o 1 fml:“ tetion of a type of white blood eells (granulocyies) uses a
Ax
{_II —_
) B+
where A and 1 apo positive
constants, the :
number of cells pregent TP A Positive, and x is the
(a) Find the rate of Production pyy),
(b) Find p"(y) ang determine gy Vitlues of v for wiy; I
involve m), Chp(y) = Lyour answer will
Thral] e al,, Some Mathe
matical Modeiy in Bial
f:ﬁ"?c' Mickey and L. Glagy, Ol 1ouy, U.S Dept, of C’uﬂ'llhl:f:.l:'
» Pages 2H7-24y - and Chags j, Piysial

dence, Yol

al
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- Fhﬂ]?lmr ¥, L] 4.'.-|'r’m| &

Tha Secand Desivativ 16G1)

i He el an Article o

: n Bl coll prrawling
Ermanic )

Flon el swgne
melhols can

b parsgraph on lew -
be vserl to maodel auch prraselusce i, !

ACCELERATION
2811 an ohiect iy dropped or trown vertic
Hin = a0

g 48N
itial heighy i

ally, v helght fin [eat )
(m)

alier o LeCanily |y

w Where S, jv flye initinl speed of
b Mve an Expression for (he wecelerntion af the LTI
b g |]'.au= the aceeleration vary with thime?
Vhat i the significance of the

29. Find ()

the ohject and L T

loet thae the anwwer 10 part o) b pep

HFLT
TAD = % = 91 4 0 Ay

+ v =5,
i v ;
3“-. '_I | i—'—- il v == e i I A
ni d\,"‘ Ir'\ = W E & ﬁ‘
L. Find ™y i) = ?%r' - % + V32,

. 4
e A R R R RN S |
(\ " 33. An object moves along a
0=r=35 Use your pra

straight line with velocity w(i)
acceleration a(t) on the s

={Tr — 5%4 - 0 for
phing wility to draw (he Eraphs of the velocity and the
ame axes and then answer these questions,

(@) When is the object accelerating and when is it decelerating for 0 = ¢ = 57
(b) When is the velocity the largest for 0 = ¢ < 52

(€) When is the acceleration 1

he largest for 0 < ¢ < 57 What is the velocity m
this time?

(d) What is the difference between

the largest and smallest acceleration for 0 =
I = 57

"= 34, An object moves along a straight line in such a
given by s(1) = (2 4+ 1 —= A2 Use
the velocity v(r), and the acceleration

use your calculator to answer the

way that its position at time ¢ is

graphing utility to sketch the graph of (1),

a(r) on the same axes for 0 = t < 2. Then

following questions,

(a) When is the velocity 0 for 0 = t < 27 Where is the object and what is its
acceleration at this time?

(b) When is the acceleration 0 for 0 = < 29 Where is the object und what is its
velocity at this time?

(¢) Does the acceleration have a maximum value for 0 < 1 < 29 If s0, what is
the maximum acceleration?

$You may wish 1o begin your investigation with the article by Willinm B, Gearhart and Mario Martelli,

“Bload Cell Population Model, Dynamical Diseases, and Chaos,” UMAP Module 1990, Arlington, M2
Consortium for Mathematies and lis Applications, Inc., 1991,
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Mathematics for Etunnlllll:
E
Anthany Tay

Sla+ = i)
Nesll i f

The objective of gy
I’“E le n A
SIS 10 provide gy nmples of thelr application in general, nad in economics in

particular.
We can gy
50 com .y g%
Pule “third-order derivatives’, *fourth-order derivatives', ele. These are

useful, although we wip I be using them legs f; requently,
Example 10,1 If f(z}=2x", then S =3, i) =6, J(x)=6,

Neotarion If y=£(x), then

Second Derivative SUx, ), ¥, -S:Tf (x), %;ﬁ

n-th ordered derivative ] ] ."i ﬂ
JUE), | g dI,I{IJ dor

following the convention that

If y isa function of nme, then the second derivative is often written ¥,

the first-derivative in such applications is written j .

The most straightforward interpretation of the second-derivative is that it is the rate of chanpe

of the rate of change of f(x) as x increnses.
Geometrically, the second derivative can also help to describe the shape of a function. When

used in specific disciplines, the first and second derivations can ofien he given an interpretation

appropriate to the context of that discipline. You are prob ably familiar with the concepts of velocity and

acceleration in physics.
Example 10.2 If x(¢) gives you the position of an object relative to some reference point x(0) ,

and ¢ is time, then ¥ is the velocity of the object, and ¥ is its acceleration,
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L [ Wisiny
v
W ean nge ih
i .'H_'ql.""r

5 -1l|-.|l1|.|“l

5 : i i
COTYV AT, LU T LT, -
W Dogin With Svus el flio wliije unl* 0 hethon, ool by regaeding s
Wby s '

I
YRRl o o i vl ol conves iy aml Crnénvily,

r'\ I'h“\."“! “i
] N Hll-hl '!] T".l' h" ‘I'l."'!ﬁl l"‘l."“. “'f ] I
h : ’ 5 r'“ “ ‘”l‘!r

ir.i'_'l 1
the poliy AN ﬁf
' | -

¥ below iy g \
for all values of , Sttletly b Mt \

N =¥ the ol [oining

and {.‘u';._.i"l:.v,"!": les strieq)

WeSn g
N <x gy, T

One way 1p express this mathematicn)ly

s glven in next delinit
Definition A Nimetion N

is st '
» | rletly concave over g domain if for any two values of x say x,
nd x, with x, <, , and for all Dt

CIn)+(1=0)f(x,) < SOx + (1= 0)x,)

fx,) fﬂﬂxiﬂ"f 0)x,)
I 0

0x,+(1 -B}Iz
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a
F5)+01-0)f1x,) 5 feox “(1=8)x,).

A ﬂ.lm'!iun is. st
rict] c z
Y. onva if for any two values of x, say x, end z, with £ <x, . end for 21

. BS(8)+ (1=8) f(x,) > f(05, +(1-G)x,).

ctiog § ;

" ton is convex if for any twg values of x, say x; and x, with x <x,  znd forall <@ <], w=
f(x)+ —J(x,) = f(8x, +(1-6)x.), 0<Fs].

Note that strictly concave functions are concave; the set of strictly concave functions arc 2 subset of the

set of concave functions, Likewise, strictly convex functions are convexr. Note ales that strictly concave

functions can be stricily increasing or strictly decreasing.

Example 103 f(x)=x"* is strictly concave, and strictly increasing.

The definitions of concavity given above are very general, and can apply to fiunctions that
may be non-differentiable at certain points. For differentisble functions, however, it is ofien easier to

make use of the second derivations to show concavity/convexity. From these definitions given earlier,

it is possible to show that

(1) f is convex on an interval [ < JS"(x)=0 forall xin [

(2) S is concave on an interval J = f"(x)<0 forall x in J

(3) S"(x)>0 forall x in [ = f isstrictly convex on an interval |

(4) S"(x)<0 forall xin ] = J is strictly concave on an interval J

We omit proafs. The results are sufficiently intuitive for our purpose. For a function to be concave, it is

dpparent that the slope must never increase as x increases. It is also apparent that if the slope of the

E'"E 10-3
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e B
concave neTease ’
shape. B P, e the Banetion will e o heily

Convexj
CXIY and CORCAvVItY wil]

a strictly Concave funetig £te) Play an impertant sole i fnction et emtion, Vor instiee, i
} AZh

1 ll Ly - ‘
POt atwhivh F{x"y=0, then v° wist be on ] paoding,

A function may be conggy

¢ i some portions of its dowatn, and cony
. y o ol canves i other parks ot iy
The point where 5 function switches

| | from concavity to comvesity, or the ather way wroumnid, b called wn
nflection point, The plot below {5 o

‘ o fonction () =+" + 10y s et devivative ds L = 2" w10
and its second derivative

] Fi
18 M(x)=6x. Itis coneave when v <0 aml conves wiien & =0,

f(x)

fr==

b.o

Definition  The point x, is called an inflection point ofu fmetion /(x) ifover some interval

(a@,b) containing x,, we have
S(x) s x over (a,x,) and J"(x) 20 over (v,

or S"(x)2x over (a,x,) and f"(x) S0 over (5, h)
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Rl S

Mivyen,
Al Fiaye W'y [ FTreee
CI gy Nole py Hhay
netiog AL [P

o Eiyumom Arydications

The sevng

Tk e s '
LT LT bl

al = A1 oo ok bimply Mgy
pant, 8% in the

L Ry £ T O v ) ehinnges algn o

L]
PO neesd il e Fetn [or w1 be on (nfection

derivative i el I e
Hean aiten he Riven ¢
Example 10,5 ﬂ.l'n-rr‘m'.rhm,l:

WA mil
alvo becauze

sy becaine al e role in ot im beation, b
SOtk

bivtes et one,

| Marging! Productivie  As ol Inereases labor input starting from low
evels, its production Capaeity wenerally incronsey.

However, the increane in prodictive capacity, as
mare labor is ackled, tends 1o et snalbep
capacity by

imerensing lnbar from 100 1 10 might increase productive

H units; inerensing labop from 100 1o 102 might Inerease productive eapacity by T units,
sy, That is, the rate of incrense in Productive capclty flls as more labor is added, Suppose we
Fepresent the finm’s production function by f(1)

where L iy labor input, We ean impose increasing
productivity be requiring the condition SULY> 0. We can impose

“diminishing marginal productivity”
by requiring f(x) <0,
Example 10.6 Diminishing Marginal Utility  Suppose uix) represents the utility that a person gets
from consuming x amount of a good, If u'(x)=0

then more of the good is preferred to less of it. If

u"(x) <0, then every additional unit of the good generates less additional utility for the consumer than
the previous additional unit.

Example 10.7 Risk aversion

Suppose again that o'(x)> 0 and &"(x)<0. Such a function has a
shape like in the figure below,

ufx

A < I
qpx.ﬂwL,l
gt

) f——

N.*“'Fh;

Mtk mics far [ TR
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ATEE Pl feryn
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Rt L Y T e pal, m wosapt Py v 00 = gy, wink
[CHCTITTT

il
¥ ot LT

In Wi

Wy ln gt ey a PR e N I The sawsime cona, fhe

it Frone P,

Wi
i Pitte v gy PRCEY = 0o, 4 (1= grye .y
Al LT LR o
]

T
rak

MInEint, Fie wenild wootsiel ledttary

“mvimat il
S Wik gy g
i ,rp;ﬂrr.ﬂr .’F-F ik
il

if givan o cheies, Ha i

BN RN B PUE, ) = uf e, 5 (1= phey.

The persan pre
prefers ihe lsttery, Kig fy "Hskluvinge,

Exercize

L Show that the function Slxp=e

= fe strictly conve.

2. Find the regiong

of & fur which Sley=(x =)z =22 +3) is iy strictly comvex, (ii) strictly
Concnve,

3. Find the first and second derivatives of each of the following functions.

(a) S(y) = Z;,{'.t; ﬂ,uf where x, i=1,2,..nis a set of numbers. Find the intervals aver

which the function is (strictly) increasing, decreasing, concave, or conver.

(b)  y = f(x) = log,e. What is the largest possible domain of this function? Find the
intervals over which the functions are (strictly) increasing, decreasing, concave, or coavex.
Sketch the graph
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LOCAL EXTREMA AND POINTH OF INFLIH PN
e B TTLATT RS

Tex IecEwny < o feve soen o necessary condition foe loeal ns i ML
fn this lecture we will sco somo sufliciont conditions.

In the fﬂ“uwilkﬁ resulta we nssnn .f ' {HIM < ol 0 € (o M.

l. SUFFICIENT CONDUITONSE POLE A LA AL 1'-:?{'|"|“'-'rlu|““
o abinilli

We will state resultz for local maximm, mwd posinilia fise lodal (TG

o M), [ s ineiasing o (i o= 1)

Theorem 1. Let [ be continuous at e. If for some &

and decreasing on (e, ¢+ &), then [ hoa o foeal moximnm ol o

Proof. Choose = and y such that e = <@ <y < Thon flar) = Slwd 1o conblundly
of f at ¢ implies that f(z) < lin,o- J() = fle) Stmllarly, I s g <0 ok iy Lo
fir) < limy+ fly) = f(c). This proves Lho pesult, A

Corollary 2. (1) (Firat Derivative Tesl for Loeal Mawivnan) Lot f fit g
tinuous at ¢. If for some d > 0

flz)z0¥ze(e—be) and f{a) S 0V @ ¢ (o000 4),

then f has a local mazimum ab e
(2) (Second Derivative Test for Local Mamimumm) If [ i fwlee differentiohl

at ¢ and satisfies [1{c) =0 and 170} < 0, then [ Do o docal i af o
Remark 3. An easy way lo remember the First Derivative Teal (for local midnlom and

local mazimum) i3 as follows:
I changes from — to + at ¢ = [ has a focal minimum al e,

f' changes from + to — at ¢ = [ hay a local maximun al e,

(1) Let [ : R =+ R be defined a8 f(x) = seharg. We have f'(n) =

Example 4.
ig-(}':z;%r—'?ﬁu* Thus, f'(z) =0 ahen @ = =1,0,1, Now, eonsider the folfouing

fable,
fnterval | (=00, =1} (=1,0)_(0.1) (1, 00)
+ - |

Sign of [' f
meindrenm al £ = 0 and a loead b ol

So, we conclude that f has a local
Scanned with CamScanner




LA, BETIEMA AR BOITH 00 IHELITIGN
(2] Conatier [ (1,1 -+ & dhefined by
M | 1 I 7S R
flir) { ¢ i

Wer mater e comlitions af tha first derivative et (s not satisfied. fn fucl, f i
differentinhle o =1 0) gnd (0, 1) and [ changes sign from — fo + ot x = [}
bl 4% mot. continuons ot x = 0, Newertheless, f()) < [iz) for all nonzers
7 & (=], I}y and thua [ linw a alyter foead sndndemn al o = 0.

(RUYL R R o defined ws f(x) = 21, Then [(0) = 0 < f(zx) for all nonzern
* € R), Therefore, f has a alriel local minirmum ol @ = (0. Note that f'(0) =0,
ek (1) dx mok powitive,

2 Convex Sera aNn Convex FUNCTIONS
Let V' be a vector sprce over IR,
Definition 6, A aet ¢ C V in snid to be conver if the line segment between any fwo
points in C lies in C, i.e.,
i Jor any z,y & C and any ¢ & [0, 1], we have tx + (1 - t}y € C.

Example 6. /t is clear that the unit dise is conver in B2, However, the unit circle is not
conver, Any interval in R is a conver set.

Definition 7. Let C C V be a conver sel, A funclion f: C = R is said 1o be conves if
Jorallz,y € C and for all { 2 [0,1], we have

Stz + (1= ) S t1(2) + (1 = ) 1(y). ()
If for t € (0,1), the above inequality is strict, the f 18 said strictly conver,
We say thal [ is concave if the reverse fnequality in (+) holds,

Theorem 8 (Derivative Test for Convexity), Assume that I
(2,b). If [ is increasing on (a,b), then [ is conyes om [a, b].
and nen-negative on (a,b), then [ is conver,

[, ] is differentiable on
In particular, if " exists

Example 0. Let f(z) = 2% = (z* + 92, We hape [z} = Mz — l}{:r-:]} and f*(z)
] =
B — 12, We see that f"(2) > 04f 2 > 2 apd HEIRT

x> 2 and coneave for x < 2,

Example 10 (Examples of conves funetions),
o zlogx is slrictly convez on [n,m;_
o [(z) =" in slrictly conver by Fy=g
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LOGAL
EXTREMA AND POINTS OF INFLECTION 1

e following result is
rle f R one of the reasons why ennvex funetions are very neeful in

sppliesd ions especinlly in optimization problems,

rl.“_-.l-_".j'\-r_'ll'l'l. 11! IJFI: fﬂ,h} —k TI.T conver and e E ‘F]. ﬁ,} 5 g lacal minimuam, ther iv ¢ &

L fﬂ:l"_,r on fﬂ'i '!'j That is, local minima af conver funrh’nn.l Are #f.ﬂuf Frnd sLa T,

J. PomNTs oF INFLECTION

Definition 12, Let [: (a,0) = R be a function and ¢ € (a, ). The point ¢ i said to be
a point of inflection for [ if there is § > 0 such that [ is conver in (¢ — & ¢), while [
is concave i (c,c + ), or vice versa, that is, [ is concave in (¢ — 4,c), while f1s coUEE

in (¢, ¢+ d).
Example 13, For the function f(x) = z* on R, 0 is a point af inflection.

Theorem 14. Let f : (a,b) —+ R be a function and ¢ € (a, b).

(1) Necessary Condition for a Paint of Inflection] Let [ be tutce differentiable

at ¢. Ifc is a point of inflection for f, then f"(c) = 0.
(2] [Sufficient Condition for a Point of Inflection] Let
tiable at c. If f'c) =0 and f*(c) =0, then c i3 a poini of inflection for f.

f be thrice differen-

Example 15. e For the function f(z) = =%, 0 is not a point of inflection, though,

J¥(0) = D.
e For the function [{z) = 2%, 0 is a point of inflection, but f7(0) = 0.

Problem 16. Sketeh the graph of the function f(z) = ;ﬁ; after finding the intervals of
decrease/increase, intervals of concavity/convezity, points of local minima/local mazima,

points of inflection and asymptotes.

Solution. We note that

. 2r?(r? — 12 _ 16z{x? + 12)
o) = 20+ o, )= T wd ) =

Verify that z = 2, ¢ = —2 and y = 2z are the asymptotes. Morcover, the function is
increasing on (—oo0, —24/3) and (2y/3,00). The function is decreasing on (=2+/3,-2),

(-2,2) and (2, 24/3). Furthermore, the function is convex on (=2,0) and (2,00) and
concave on (—oa, —2) and (0,2). The point of inflection is 0. The sketch of the graph is
shown helow.
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__.___'_'-'3:2 Chapter 9

—

qurwnrnrm: Btk Corcegty

Solution
C
“mpate he fim e tivagive

Fix) = W0x" =~ fy - 1
Agmn 1o gey

i) = et -

M@ )

Find the s vt
nd the second derivative of the Tunction y = (e + 17,

Soletion

Compute the first derivative, using the general power rule, 1o get

and then diﬁ“en:nmlu

Y = 502 + 120 = 1002 + 18
Then differentiate again, using the product rule, to get
% = 10x[40® + 1720 + 1007 + 15
= 80t + 1) + 1062 + 1)*
= 100 + 1P[82 + (2 + 1]

= 100 + D92 + 1)

ey |
Find the second derivative of the function fix) = ; 1_ 1_]:-

Solution
By the quotient rule,

2 -— — -
Fl) = (x — 1)°(3) {231 1 }1;3&1@»; 11
(v = D3 = 1) = 20x = 2)]
b~ 1)
Ir=3—-6ct4
§ (x — 1y’
| — 3x

— e ——

T
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The Scecond

Derivative

ATION OF THE
DERIVATIVE

Chopter 2 w Section &

it |

i ool e male il '..'hll"",l! (] T “““““ly' S'I,h;h_
amiple, the aceeleration of a car iy e i 1
i : e o
- + 10 time of its velocity, which 14 sell the eate of chayy, Wil
change with :r.-n.r-nh cition, 1f position is measured in miles and time in Wewars |1-.II
g .-1'|F:m v oof distance) is meastured in miles per hour, and gy, m‘:“';:
QR ENR Y of veloeity) is easired in miles per hour per Wowur, -
e of change of n rale of change are used freqy, ently §,
far exmmple, you iy liear i povernmaeant m“““mm
inflation rale is increasing, the rate a which i, i

still going up, bul not as quickly 4. they

Tha Second Dertealive

n . M
This section is about the raie uf;:h :_r-n
arise oA variety ol simantions. POT

respaect o tnne )
velocity (or maite

i L]
cration (or rte of change

Sintements about 1he 1

cconomics. In infinlionary WEs,

the natton that although the

ALEUT - :
is, prices are

doing so is decreasing. Thal
wcn; oo, e
e o g o e fncion ) wilh st ¢ e e,
likewise, the rate of change of the t"'“‘:"'"“,f (v o ik s 5 derivatiy,
skt o i awkward, 5o we write the dcrlwmwc of the derivative of g,
Yo Thf m':l.:':hﬂl‘ld refer to it as the gecond derivative of J'IEI} (read f™(x) ag “F dow.
E; {JF'[;I:: u;,{;h?f:_:-l= ftx), then the second derivative of y with respect to x is riten
¢ pri 2"

d=y . i
as v or ag —=. Here is 4 summary of the
5 ] 7

terminology and notation used for segqng

derivatives.

vative f'(x) is sometimes called the first derivative |,

The ordinary deri ometime:
g d derivative f'(x).

™y
‘f& distinguish it from the secon

The Second Derivative m  The sccond derivative of a function is the
derivative of its derivative. If y = fix), the second derivative 15 denoted by

7
4w rw

The second derivative gives the rate of change of the T

ate of change of the ong

inal Tunction.

. o yom, 14
You don’t have to use any new rules to find the second derivative of a fanclioh
find the first derivative and then dilferentiate again,

i)

Find the second derivative of the function fix) = 5¢* = -3t

—

{EXAMPLES

L
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T The Socond Dy
T —— ey - —. _—— [rJ1
By the Qikisticn) py|q again, .
£ty = EZ 3 = (1= 30030 - 17 '
-1y ll
- 230 = IWte = 1) 4 () = 3y
fr = !L
o —3f=in - b |
=1 =)
|

A Worn o A
GVICE :
Belore tompasing the second derivalive af o funciion, always take the time to sim-

dpll:;{ lhﬂ ﬁﬁl dﬂ'i'l'ﬂ..i'l-'ﬂ M.ﬂh.l.{!h T Fﬂgiib]ul The fase ‘:mp“t’lﬁd the form the fst
ative 15, the more edious the compuiation of the second derivative will be.

Ap
SE:I;:ADHI:HS OF THE The second derivative will be used in Chapler 3, Section 2, to obtain information
ERIVATIVE about the shapes of graphs. In Sections 4 and 5 of that chuptir; the micioud taraibie

will appear Again, this time in the selution of optimization problems. Here is a more
elementary application illustrating the interpretation of the second derivative as the
rate of change of a rate of change.

An efficiency study of the moming shift at a certain factory indicates that an averags
worker who arrives on the job at B:00 A, will have produced

Qi = - = &F + 24¢
units ¢ hours later

(a) Compute the warker's rate of production ar 11:00 am.
{b) At what rate is the worker's rate of prodoction changing with respect 1o time at

100 AMm.?
(c) Use caleulus to estimate the change in the worker's rate of production berween

11:00 and 11:10 A
(d) Compute the actoal change in the worker's rate of production between 11:00 and

=10 Am,

Solution

{(a) The worker's rate of production is the first derivative
QN =-37 + 12 + 24

of the output function Q(f). At 11:00 AM., t = 3 and the rate of production is
Q'(3) = —3(3)* + 12(3) + 24 = 33 units per hour
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Teal | Pomter i

[Ferantwfion Soey Ltraame.
- =k

b The | F il pate of pr wiog Tremy (0 e efgore] detivitive
e A P
i fir & |2
= e it e e L1 I TRD & sk dheew pale in

O = =& 4 12 = =6 units per howr per howr

The mimut vipn inficetes that the worker®s rate of r"“‘d““_"" n "I"T:"-"'“"“E. T
. the worker i wlowing down. The rate of this decrese m efficiency ot 1.0

ANE fu & ot pet hoar per howr,
o) Note thar 10 minotes 1 ez, Tor estimate the change i the production raes o'
i . ﬁ

due o a change inrof &r = :—.I'rm:r. apply the appronimation formula from Ser.
tin & tn the funcrion @'(7) o pet

Change in rate of production = AQ' = Q1) Ar

1
Evaluste this expression when ¢ = 3 and Ar = 5 to conclude that

: 1
Change inrate '3;‘H=-=6(")=“'Iunit hour
of products 27(3) P per
That s, the worker’s ratz of production (which was 33 units per hour at 11:00

Al will decrease by approximately 1 unit per hour (to approximately 32 uni
per hour) during the subsequent 10 minutes.

'd) The actunl change in the worker's rate of

production between 11:00 and 11:10
At is the difference berween the values of the rate Q'(r) when r = 3 and when
1 19
k4 1'—=J—r-
r= 3 il That s,

Actual changein (19 )
rate of production ~ € ("ﬁ') - 2%

1942 19 )
=(=1 7] R v i 2= 133 + 1(3) + 24]
=392 -31= -

()8 units per hour
Thus, by 11:10 A., the worker's rate of production,
a 1100 A, will actually h

which was 33 units per hour
ave decreased by |08
per hour.

units per hour 10 31.92 units
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i5. Implici¢ Functions andg Their

_._.g__.-—'_—-—_—_________________________-——_._______—___ Der ivatives

when y is written as 3 function af - o E—
beae g Aml,

1-:' - frthi X 1-11111

we say that y is an explicit function of (
Things are differe T

s nt when y and (xy,... ,%m) are combined in a single functian o
tha

f['x-'lilll |H1-|-|_|'_-.I} = U. 115-'-"-1'1
If the xy,... y Xm determine y in equation (15.0.1), we say that y is an implicit function
O Bonseea X But that s not
With luck, we will be able to solve for y in terms of (xi, ... yRm)e BU
always possible. For example, the quintic equation

H5_51H+4‘:.t=ﬂ

= i lution,
does not have an explicit solution, all:]'luug?:l wﬁl :ﬂr; 53?1“5;:,?; ;:!EL-;].LL'F ‘I.iLi:LayTa o~
25 is (1/4, 1), suggesting that y(1) = 1 and Y b i
hints of a function here, but we can't solve 10 .
Thqir;.:nmm; equation implicitly defines y in terms of %, i::tutn?.re c:a%nt'\:..nl{::: ;tn FE:E:;
sion for yfx), we might still be able to determine the derivatives. 1 Ed ; n?a ol
Theorem gives conditions for finding local functions for y and their de .

o
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e,
- ",'I_Hrq'lrl-.'l[l"i e

151 1s thore an Implicit Fnrﬂ:tlnn:

It tiv iBoderitnlrse whether there even
i W oy

- L]

1]
= oty ecspnadhony 1000 10 e Bt it b liffi

P et =
SN Renctaon Consieder the equation x7 414 A2

= Py wvapde 15 ] | B Byl t'~|.1t1|._\|‘|fi|'r1“_1l'|"l:|ﬂ. - _I-“F U, ”|:-||.l|1'l'l|ﬂi§

& o by ST Ly sl kadiaid ,'~|-|.|.1'l"'|-"l""'111 sy
Rhat PRty o i i

: IE = 1,
Nl = ey ae

" ool
O B & prodlem here. This is not & function

u

Fgure 15.1.2: The circle is the graph of x? + y? = 25, wh
=3 ErwTion of x. Ae

ich tries to implicitly define y
- ¥ou 2n see, there are two solutions yl
Sraed xx = 3

x) for most values of x. This is

-

For values of x € (-5, +

: hias] one. Only at x = +5
Co we have a function Everywhere else th 4

eyl . ere are two values of y for ey This i
“ustrated in Figure 15.2.2 where there are two valye Y = T

One way to work around this is sofy carresponding to x = 3,
function and focus on a locally dei

: » [0 give up th
. i ned implicit func BIve up the search for a global
so:ves the eguation in 3 neighborh

tion. We look for a functi h
ood of . 1on that
near (3, 4) and another near (3, —4), o1 4 Point (xo, ya). We can use one function

U
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5. IMPLICIT FuncTions

o i ANDT
(5.2 PIcKing an Implici pon . oA |

example 15.2.1: Local Impjicit

.:rpli{:it":r' defined by the Equali:lgn x'ju_:_‘m:nﬂ“ on a Circla, Here y =
3,4). It can be defined on open sels ?5 b 25 and includes the 5|
the function y = —(25 — y2y1/2 i3 large as (-
] pF::anJIII;t:T:E : r::i?sn; :h?a Tlt:sliun, that all works fine at mast points on the circle. However,
:Mﬂ on an open intr-_-nralti:j?-;ﬁ“f} {=5,0), Neither point allows us to define a function
- alni P v P, s
interior of the domain of y, WSk e QAL SR ok B ol

This is connected with the fact that the graph becomes vertical at those two points.

+125 — 11]1.” s

arting point (xy, yo) =
3,5). Similarly, i [x e ol
works for x € (-5, 5;_ ¥e iF [k, ya) = (3, -4y,

(—5,0)

e Y
2+ The circle is the graph of x* +y* =125, which me-ll;tu nrﬁhu:.ﬂ;:eime Y B
'5-2'!"*;: The points (5,0) and (=5,0) pose particular problems nable

r f % l I 3 E a 1 i

a function O
write y asafu
yatx = +5.
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o — FMATIL M TS

s o .
‘3 Tho Implicit Function Theorom for |17

The ks pos
f"'i'ﬂ..f'.'h‘ Fesalt iy thye Bnplicit Fune thony Theorem, Here ds a version for 184, The condition

JH\:IH Had # N Filies ol wisplie al Jra ilva it “ﬂH ”i!]l

Implicie Functlon TH
. renenon fhearem R 1ot 1
(X Wo) € R Sioe -:1:{::.:‘”.,}; . |I ltt:r, W) e o & function en a neighborhaod af

—

s
i (X L) 7 0D,

:!ﬂ'r_‘m '_"t'flr‘ 1 r“!-'l l‘l i
@) G y(x)) = ¢ for all x ¢ 1 ' : * Ning % such that:
‘l’: H{\'_”} By !"H- ﬂ_nl.f el

() The function Y obeys

%E" f!m yﬂ.'i

Y'(xg) = - !
ﬁg! (xq, yﬂ}

(15.3.2)

Point (c) follows from the

just differentiate Gf Chain Rule once we establish that y(x) is @', To see this,

X ulx)) = 0. We then obtain
JaG

——

dG
e [xa, y”:l + [Ej‘f*myﬂ:'] l_.]rfxq]' = (],

Rearrange to obtain équation (15.3.2).
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15. IMPLICIT FUNCTIONS AND THEIR DERIVATIVES

5.4 Using the Implicit Function Theorem
> Example 15.4.1: The Implicit Function Theorem and the Circle. How docs this apply
to the circle x? +y? = 25 we studied in Example 15.2.1¢ Here we set Glx,y) = %" +y
and € = 25, Let's try {xq, yo) = (3, —4) and see what happens.

Here

dy
5o we can apply the Implicit Function Theorem to find y(x) solving x* -+ fylal® = 25
with y(3) = —4 and y'(3) = —2(3)/2(—4) = 3/4, Compare to the solution y, given by

Yalx) = —(25 — x%)'/2, Then
X
. = i 2 _-I-llr1 P c———
Yi) = —(1/2)(25 — )7 2K) = s

Then y{(3) = 3/4, exactly as with y. - o

The Implicit Function Theorem will be useful for writing one set of ecanomic vanat:ies
as a function of other variable. For instance, suppose we solve the consumer's problem
r x and y as functions of

for prices p and income m. Can we write the demands fo i
prices and income? Once we characterize the solution via first order and second orae

equations, we will be able to use the Implicit Function Theorem to find whether we

have proper demand functions.
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MATH METHODS

I5.5 Implicit Function Theorem: Sketch of Proof
Althnugh

WE WON't dot every § and crec every 1, owe will cover the basic idea behind
the Implicit Function Theorem
Sketch of Proof. By replacing G by Gix,u) — ¢, we may assume ICI'1'|Zn1llr.| o4 n”
Also [OG/Fuixg, un) = O by hypothesis. We may also assume (G /iyl Yol >
(othenyise, replace G by -Gy,

Now G e @, qn 1-L is continuous, It follows that for & > 0 small enough, 9G/dy > 0
on the square S defined by

S = {ix,u) : %y
Keeping in mind that JG/3y is bounded above zero on the compact set S
(Weierstrass) and that G(

' “oiUol = 0, we may choose ¢y > 0 small enough that
Eitﬁ'yﬁ; ~9 <0< Gy + o) whenever x — xy] < 5. Now define the rectan-
g'e K Dy

—££t51n+£,yn—ciu£lln'*'f}-

R= {00y : Ix = xol < €0, ly — yol < e).

OnR, 8G/8y > 0. Moreover,(x, ygt¢) € R with Glx,yg—¢) < Oand Gle,yp+2) > 0.

= X + £gl. Now G is continuous on R and takes opposite signs at the

top and bottom of R. For each x € I the Intermediate Value Theorem yields a y(x) with

G(x yx) = 0. Moreover, because G is increasing in y on R, there is only one such
point y(x) for each x e 1.

Now suppose x,, — x with Xn € I. Because lisa closed interval, x € 1. Now consider
Yn = Yixs). Because R is a compact interval, there is a subsequence (x,,,u,,) that

Converges to a point of R. Since *n = %, Xn, — %, and the only question is what is
Y = limy yn,. We know G(XnysYn,) = Oand G is continuous, so G(x,y) = 0. Since
this equation has a unique soluti

onin R, y = ylx), Yn, —* Ylx). This means that all
convergent subsequences of y(x,,)

have [imit y(x), so limy, ylxa) = yix), showing that
Y is continuous,
The only thing left to do is show that yisa €' function on I°, As this is more technical
than illuminating, we will skip that step, m

o
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Section 6.3 - Basic Integration Rules
The notation [ f(x)dx is used for an antiderivative of £ and called an Indefinite Integral.

[ flx)dx = F(x) means F'(x) = [(x)
and then we write thi

In general, to find [ f(x)dx, we find an antiderivative of f(x), say F (x),
ntegration.

indefinite integral as [ f(x)dx = F(x) + C . Here, C Is called the constant of i

If given j: f(x)dzx, this is a definite integral and to evaluate we'll use Part 2 of the

Fundamental Theorem of Calculus: j': f(x)dx = F(b) — F(a)

The Constant Rule for Integrals

[ kdx = k- x+ C,where kis a constant number.

Example 1: Find of each of the following integrals.

a. [10dx

b, [ mdx

1
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The Power Rule for Iritegials

_i\ iy - :” 0, whippe ¢ @ 1.

erlhlph- 21 Find of each of the Inllivwng Integrals,

LI P

b [ =dx

The Constant Multiple of a Function for Integrals
Tk f(x)dx = k [ f(x)dx, where k is a constant number.

Example 3: f_l , 4x7dx

Scanned with CamScanner



The Sum/Difference of Functions for Integrals
JUf(x) £ g(x)ldx = [ f(x)dx + [ g(x)dx

Example 4: [ (5x* + 4x + 7)dx

Example 5: [ %’f{u

Y3

Scanned with CamScanner



Exﬂ mF"E‘ G
L [ Vx(x - 4)dx

be [2x(x—1)(x + 1)dx

sxi+x
¢ [Q—dx
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Other times we are given the derlvative and an initial value and we are asked to find the
original function,

Example 7: Given f'(x) = 2x + 2, f(1) = 5,find f(x).

Example 8: Given f"(x) = 6x + 2, f'(0) = 2, f(0) =10, find f(x).

i@ 20
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Integrals of Ba sic Trigonometrie Functlons:

[eosxdx =siny + ¢

IEEEEIdI:.:tanx +£‘

Example 9; [sinx (csex + cotx) dx

g
Example 10: 4 "F’secxtanxdx

Example 11: Given f'(x) = =3sinx fim) =4

fl:s::“:rn’ﬂr.‘ = - ot X+ G
f.-i:!c.t'lnn:f.'r.f,r =gpex k0

[ escx cotxdx = —cscx + '

* find f(x) .
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Integral nr-:-

j—l“ff:l' = In|x| + &

: 3

2 #7=3
Example 12¢ |, —; L dx

Integrals of Exponential Functions

J’e’dx=e"+€

2 rea}ﬂ.n#l
j'u’dx=-|-n—5+ﬂ,whe

Example 13: [+ 5e*)dx
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Integrals of the Hyperbolic Functions

f::lnhxcf.r:.:ughx.;.g fcushf:fx:gi”hx"'c

reinhy =

Recall: cash r= it ot 3
2

Example 14 f;E sinh x dx

Integrals Resulting in Inverse Trigonometric Functions

o = :
:,T_—T—:-dx arcsinx + C I—gix=arcl:anx+r:

1
fmix = arcsecx +(

Example 15: L:EHE':? dx
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Integrating Piece-wise pefined Functinns
n
42 —15ZX g ?
= n=x
Example 16: Let f{x) = l:,- - Bl 3

aver the specified damain!

Note how the function changes

l'i i
set-up the integral needed o integrale | 3 f(x)dx
=1

Integrals Involving Absolute Value

2
gxample 17 I lxldx

Recall thaty =

page 9ol 11

i i i nction!
\xlisa piecewise fu
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Example 18:

a. [l —2)dy

b. Jr;l-r e E!J.'f.-'[’
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Example 19: Set up the following integrals.
5

b []x? + 4] dx
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CHAPTER T

Techniques of Integration

§7.1. Substitution

Integration, unlike differentiation, is more of an irt-form than o colleetion of slgorithms. Many preblems
in applied mathematics involve the infegration of functions given by complicated formuloc, wnel procti-
tioners consult o Table of Integrals in order to compiete the integration. There ure eerinin methods of
integration which are cssential to be able to use the Tables effectively. These ang substitution, integration
by parts and partial fractions. In this chapter we will survey these meihods as well ns some of the irlens
which lead to the tables. After the examination on this material, students will b free 1o use the Tables o
e
The idea of substitution was introduced in section 4.1 {reenll Proposition 4.4). To integrate a di [ferca-
tial f{x)dx which is not in the table, we first seek a function u = u(x) so that the given differential can be
rewritten as & differential g{u)du which does appear in the table. Then, if [ glu)du= Glu)+C,we kmow
that [ f{x)dx = Gilulz)) + € Finding and employing the function n oflen requires some experience tnd
ingentity as the following examples show.

Example 7.1 j:ﬂfl‘-’+ ldx =7
Let u = 2x+ 1, 50 that du = 2dx and x = (11— 1)/2. Then

fi’fﬁ+ Lelx :n_f!'-i—l-u”l"'.ii = %f (,.‘-‘ﬂ_.,,i.f: du

(7.1) =-L: (%lriﬂ—%ﬂ”!) +C
= g u-5+C = %I:l':-% 1P (6x—2)+C
1
(12) =&+ 1R e- 1) +C,
whﬂeatm:mdwehnwr:pln:miuhyh+ 1.
Example 7.2 f tanxdx =1
1§
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Chapiey 7

Since thig jg

11
ll.“'.-'[ling W= gpgy

g W =

e | 4 u ““'E" II'I- L] i
E“u'l'-h' Wo nhn“'“ e |:|LﬂIIHfun "r"lﬂ lﬂllgg"r- i f
. P ARX = singfcosr, Then,
E?J} flﬂﬂ.l':‘f,t'-..—-f._ml_” ! il
cosy " '_'f"' e || 1Y 0
N = =lncogy 4. - lnseex+ ¢,

Example 7.3

This is tric ¥ ond there ey severnl wiys 1o fing the

i b - = H I3 "
principle of rewriting jf torg OF sines and cosings, we gre ;:;TIIL ?T;mu s s
¢ following:
(7.4)

secudy =1,

SO0k sa | - busy = . Fix
COsxy  pogx ) ~ iy '

sy, di = cosxde. Then

(1.5) ftlw.w-l'.'l.'= -

="
This looks like o dead end, bt i little algebra pulls us through, The identity

el |
(7.6) — 'E(n'."r,*m)
leads 1o

et t !
Using u = sinx, we fnally end up with

Now we can iry the substitution ; =

, =1 I 45y S
(7.8) fﬁuc.rn‘a‘ = %ﬂllfl sl =l (1 = siny) +-C) = 3 Ir'(I usin.t) r

the cirele triverses a curve called the
o, i hortzontal line, & point i a
;ﬂ:‘wtﬁfﬂwﬂlﬂr ;;lql;;tq;r:i:!lli;l;l|:::ﬁnjm|ur_-.- of o poleat a3 the vincle goes through one full rowmtion. Let

B lengih ol one o ¥ L i sivele ol mddivs 1.
I . ! Y I.Jllllil.| lilerHL"d !I ll.1: . I
I.IIIJlul:Iil‘l IIrlbl I; :'LHL :.I:I.Tlll':l!:ljllmh." I.1f'|'|,|n1nl[|1l.l ol the L|n‘1'-". b mclinns, and start ot ¢ = 0% with i

’ [LLEL&] LT &

; o the einele has motated through

L whtlieh It s motling. Adler i .

| % tho eirolo and the tine o 7.1, “The point of contact of the circle with the

r:!:lh::":nl:mm:uj” i ':III:Il]l:.I:I ;ulnl Iy s eiven ns in H[mm‘.n'.:."I?HI:HIL:';::IL :’; ;'l;l".lh'lalt']', W dlls e
1 . :
e |y urrlw :n“[::;.:hl:':] I:I:u rlght ol the arlginal polit il i

(1) A1) vt = sl LOE
To

l w= sl .

l‘lu' [ :F'il'l!rll-f.. .nl'l.lf";
[ '.1 t"."l.‘ I:|rL [ &) 11 il l."'l'l.hl‘:l.frl 1)
FII || | [ rh -I. ”'1. ' W "

r | |1“".p Wb LD aiT & ;} "I‘.

dp) e e (2
(110, et v () = cont)? O I |
_ il dntegia
AP, s I oo by 18
. W iy W IT= Comfelt, el thio urw lonpth WE i ”
= gLIA !
ﬁ.”] £ ,I.!L N
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Fuit e i By PO

1 AR

Fopers 1

Tio evalimie thie trtepral by substitation, we need a factor of sins, 'Wa can get this by multiplying and

dividing by /T 4 crnt
(7.12) | o8 VT =condt = ."'|1I'H'! ;
Hrl = Corf y'rl & poaf

F'_'!" o Tnoiry around the line r = 7, the integral will be twice the integral from 0 1o & In that imteral,
wing is positive, so we can drop the absolute value signs. Now, the substitution u = cosf, du = = it

will wark. Whent =0, v = 1, and when 1 = x,u= =1, Thus

-1
(7.13) L= -:»ﬁjl' =2y =w’if: WM =w’i{1u'-'=j|l1_1 =i,

(7.2. Inlegration by Parls

Sometimes we can recognize the differentinl to be inte
differentinied and 8 differential which is easily integrated. For example, iT the problem is to find

f xcosxdy

= x, and integrate cosxdx separately. When this happens, the
rtg, may be useful, because it interchanges

grated as a product of o function which 14 casily

(7.14)

then we cen easily differentiate f{x)
integral version of the product rule, called {ntegration by pa

the roles of the two factors,
Recall the produet rule: d{uv) = udv -+ vdu, and rewrlte [t as
(7.15) wdv = duv) = veu

In the case of 7.14, taking u = x, dv = cosxlx, we have du = dx, v=sinx. Putting this all in 7.15:

(7.16) xeosxdy = d{xsinx) = sinxdy

59
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CHUDIEF 7

To il_:n:.-g;mt: by parts:

1. ;er identify the parts ¥
nCtion u easily differenr

2. Write down lhe:l;xpu:x.um

3. Substitute these CXpressions in 7,15

4. Integrate the new differentig) ﬂf:..r.

Example 7.5 Find xe'dr,

Letu=x, gy = &*dx, Then dy = dr, y= g%, 118 gives us

(7.19) fx-e'ir::e‘-fa’irzxe‘-e‘-:-f.

Example 7.6 Find f Pedr.

ntsubEﬁmEﬂﬂH=rﬂ d‘i EI' - il e E : 3 )
reduces us to example 3 1 V= e, du = 2rdy, v=e* docsa’t immadisnely solve e problem ber

(7.20) f.l'i{":ﬂ'.l:=11¢'r-1f.re‘:i:=f£’—2{.:r"-ft+{}ur::=-—l:;'*-r:_ﬁ_{'_

E:I.tnple 7.7 Tofind [Inxdr, we let u = Inx, dv=dr, 50 that o = [ 1 /x}dy, vz, and

(7.21) flu_ri:' =:In:-—f1-::+£r=;lnr-1f’-il =xnr—x+C.
This same idea works for arctana: Let .
(7.22) o= ok, desdy dvS = V=L
- I * .
17.23) fmmt::m-um‘—fﬂfjf'“ L : _h‘

| a0, i = Tl

l-.i“:,utl-.'ﬂ- ==

“here the Jagt integration is accomplished bY the pew 55
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32 Integration I Parts

ntegrate ¢ cosxds, We

ot we have to b
haed. Tul SUPPORE WE

Example 7.8 These idens lend 1o some clever strniegies. Supp
see that on integration by parts leads us to Integrate ¢ sinxdx, which is just a5

in:ngrnul:l by poris agnin? See whot happens:
Letting n = &', dv = cosxdx, du = e'dr, v = sinx, we g

fc'-u:uu.\ﬁ.r = g" ST = fu-' alnxdy .

(7.24)
du = et v = —COE, WE gel

Now integrate by paris again: letting u = e*, dv = sinxdx,

(7.25) fa" sinrdr = ¢" cosx & Jr.e" coaxdr .

Inserting this in 7.24 leads to
fa‘ copxdx = & sinx — & coax — _ll'._r‘ p—

(7.26)
Bringing the last term over to the left hand side and dividing by 1 gives us the answer:
{7.27) fz"'nusm’: = 11 (" sinx— e cosx) +C .

involves integration by parts, it is a good idea 10

calculation of a definite integral
ulation of

Example 7.9 Ifa
ilustrate with the cale

evaluate as soon as integrated terms appear. We i
(7.28) f: Inxdx

Let u = Inxdx, dv= dx so that du = dx/x,v=x, and

4 4 a A
flnxd'x:rlnxil—f n’x:d!n4-:ll=4ln4—3.
[ | I

(7.29)
Example 7.10
1j2
(7.30) ! arcsinxdx= 7.
dv = dx, du=dx[V1 —x%, v=1x, Then

We make the substitution u = arcsing,
W2 xdx

E—
#

1j2
f gresinxdx = rarcsinx| f
0 0 l—x

2, du = —2xdx, leading us 10

(7.31)

Now, to complete the last integral, letu =1-

/2 1 rm l 31“ _.”"1
i ==[=]+= i
fﬂ arcsinxdx (ﬁ) + 2_!; u” " *du = i

(1.32) 5
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(7.34) I I 1
(r—alx=8) ~ 2-3 (;:E -:_-«Lb '

50 that

(7.35) f dr I
[.I—a_]'{.p-.b] :..-ﬂ__b “n#"ﬂll"fﬂf-l*ﬁ'.'}*if':u:ﬂIn =,

1
-NOOMIA c30 B wrilien a Mingig
I i a4

The y; :
m:j;‘:;? can be applied to any ritional function. Any po

conj 1fnrm:—rnr[:-.n}"+ﬁ'. where £ is # real root and the quadiuic terms comescca . -
‘HEE - pm ﬂrmmpfﬂ OIS, IIT'EPMﬂr ﬁ'ﬂ‘_‘nﬂ" nmhm ,l.,l:h“i'l s ho v the _.H“‘::dﬂ-.l- e

F'ﬂpuu":i:.,ﬁyT of terms whose denominators are of these forms, sud thas the et R

::I?? 18 the partial fractions procedure.

dr:ym 8 rational funciion K(x), if the degree of the mumsraior b aot ks than the

Eree of the denominator, by long division, we cas wiks

ik
8 ke s i

(7.36) Kix) = () + ? ¢

o b [ BhEE 0 B ERTEE LT T

¥ r'”’“mwdrsp-r deg ¥ .
1..,"':! e raos ol g(x) =0 I the roods are sl ded
Tilg Pf{.l' a b sur of lenns of the o

['.F.]'” A . H .
b fa=w)t e E e

L=

N ”'dlﬁt‘\'nﬂ-tc:.ur,;' B,
term by tenm using Propusibed

L
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2.3
5 Partinl Fracilons

resume this discusshon laler,

jenled; we shinll
nd the coefficients ABCm

If the roots are not distinet, the expansion s more compl
g, nd how o i

For the present Jet us concentrale on the case ol distinet roo

T37,
xilv

Example 7.12 Integrate f .. S
First we write b=

(7.38) NI BRI (T &
(x=1)(x-2) x-1 x=12"

Now multiply this equation by (x— 1){x — 2], geiting
x=Alx—2)+Olx-— 1} .

(7.39)
lrws“"mim“:-‘:lnw':sﬂ'|=&[1—lj.md:—I'.nuw1nuin|5;.—-'1,wng=':1=31.1"1-5'35511
and 7.38 becomes
(7.40) x o mhop S
TTTe=3) %=1 -2

Integrating, we get

xdx (x—=2)°
7.41 f.__———=.-| ] —a+C=1 +C.
(7.41) GoDE=2) njz—1j+2inkx | + S

So, this is the procedure for finding the coefficients of the partial fractions expansion when the roots are

all real and distinct:

1. Write down the expansion with unknown coefficients.

2. Multiply through by the product of all the terms x —r .
e of the

3. Substitute each root in the above equation; each substitation determines on
coefficients.
(x* = 3)dx

Example 7.13 lnu:grﬂl.cf @=Ta—2) :
have the expansion

Here the roots are =1,3, 50 WE
___xz_:.j'—-—-—-_i‘-—.i-__ﬂ;-.{._g_
(42) [.:1-1}[1-3‘)':+1 y—1 x=3
leading 10
(7.43) A —3=A(x=1)x-3) +B(x+1)(x=3) +Clx+1)x—1)
Substitute x=—1: I-3=.{[-2]{-4],5ﬂ A==1/4
Substitutex=1: 1=3= B(2)(-2),50 B= 1/2.
Substitute x =3 : g—3=C(4)(2),80 €= 3/4, and 7.42 becomes
et N (1) 5+ Q)
Ll [xl—l)[r~3}=(-a)x+1 7 ) x=1 \# x=137
and the integral is
3
@=3dx__ _Liieptj+ skl 7inko3rC
(A f{x?——l){x-l] FinbeH 11 k=g
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) 3
¥ ' " | o - X =r+jzalE—-1'u E‘J

sy gy eaard spL L F(E =22 J0 suugy

2000 WMON b = ) = nr b 1 oot 241 U anmbs a) opa diy !0y,
4 off =) = pp o 49 = g ! v Eﬂ:"_"_'ﬂ:__i_f 02 o ‘m;f"
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a

4
"4 (g = v 4 (1 4 (2= X)W =

(Ig:
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T"":'—-\‘z 4 S
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E+E T X
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Furard
-l amnbs 2 aapduios am Uy njacmosas azow 2 =

=q 0] aap
e St Xp— liﬂm;mH
F5 '_——__,_____{i-

*P(g+ 1) f oL Ny,

"D+ (T =r)umase — .!_tilr_al:'_i}/__ §+rﬁ._zr
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574
e S FALT) Fliad Fricdbarits

¥, wting Propowition 7 3.
(x =1}l

(753 (204 1)ty "
a7 errs 2 s

i . E

{7543 = ;Elll'lﬂn :Jj1.+1l1{17- -.".! LT Al

Example ‘.lumf,""_“:l:"j -
o T T
ere we have 1o expect each of the terms in Proposition 7.2 to nppear, so we try an expression of the

form

.55) 14, B oG
7 o Rt ey e

Clearing the denominators on the right, we are led to the cquation

(7.56) *+l=dAl? + 1)+ Be+ 022,

Setting x = 0 gives 1 = 4. But we have no mure rodts to substitute to find B and C, so instead we equate
on the left is 0, and on the nghtis A+ C, 50 A+ C=0; since 4 = 1,

cosflicients. The coefficient of £
we leamn that €= — . Comparing coefficients of = we learn thag | = B. Thus 7.55 becomes

| i 1 x
(7.57) P TNy SNESS (E
x{x? 1) =T e X+l

and our integral is
(7.58) ?—{;-HT}::;;=In|.t|+urctanx—%1n{f+l]-+¢_

(4 1)dx
El‘.l.l:l:lp!e T.lpfm =
The denominator is x((x — 2)7 - 1), so we expect a partial fractions expansion of the form
Al A B Clr=2)
.59 ——
(7.59) x(x? —dr 4 5) _r+[.'r—1]1+1+|:1‘—1]|1+1 i

Clearing of denominators, we obtain the equation

(7.60) 2+ 1= A({x=2)2+ 1) + Br+ Clx = 2)x.

For x = 0, we obtain 1 = A(5), s0 4 = 1/5, Comparing coeficients of x* we obtain 1 = A +C, so
0= =45+ B+2/5, s0

C=—1f5. Comparing cocflicients of x we obtain 0 = —44 + B—12C, so
8 =12/5 and 7.59 becomes

241 (I)xlﬂ%}{x—_;'f:;'@)ﬁ%%ﬁ

1.6] —_— ==
(760 x(xl = dx 4+ 5) 5

Lo
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S0 iy le h
¥ OF tery,, in it
e OF ¥ = r
CBree as mye), 1 Be ag g g M) fragy Of g for 110 4 power, then we hae
O¢ Tess thay ghe PO, Ty (0% i the gy . e ey
; | {‘rz 1 + Thig jg best “Pﬂfﬂiﬂtd lhrgjgmmm factors) 4 Polynomig) or
Ill‘ttp . '?.Eﬂf s W example
We h Ex~Ty =0
(o ave to allgy for the e
: Fu&slhlhly ol g
" io Brm of i !
*pansion of e form 1€ form (4 R o T Wwhat is the same. an
{'153] % i 4 g o
. o S ] I
Blx—1) :*;rf,+;:7-
Clearing of denom inators, we obtain
(7.64) ¥y 1=,-n-?{;-:;+£:{,c-u+c{;~u+uﬂ
Euhil;mung; =0we obtain | =C(-1),50C=—] Substituting ¢ = » We obuain 2 = p Tofind 4 any
have 10 compare coefficients of powers of x. Equating coefhicients of 3. e Wel=gip, g
d=wy Equating coefficiens OF 2, We have | = -4 4 5 50 5o I+d =~ Thyg the SXpansion 7 43
i
s
f?‘ﬁj} _f_+’_,=—lz._—£-—-}+_;;
Fle=1) x ATV

whith g Can integrate 1erm by term:

YL . .
F?.m {'.tli-i'JJH’IE"Elulu.’_‘__-+ﬁ+._'JII.I.'-”1'L.
? f?hmu S

L

“, T”ﬂﬂﬂumulm: Methods
I

batyg el : know dn erder 1o
% . i g iewds 1o

: :;j:ill kh the wlinpyes beclmigues e ol this

[}

‘hile seeing how
rm which i v onllen, a1t ": :::::::::L mhlli.““"
Wi g PP Wvalving the wguine oot of 4 |
Wy Wy Jmuum::r 'Lr"rl.-:x_:‘ o 1 deat gpuaclintie, we can conveg 1o Ll gonsomgric ﬁlﬂﬂliﬂﬂ;
My li!m"II m'“."ﬂuuhmn Inverlve o pguare rool ol ad
Mty wigpented by fgore 7.2,

e & Table of Inge
the litegration formulag gre

VSR uite freguently iy Pructice,
- gy

by
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e Rl i F

[ e

f —.r,n'!.rn'f‘l. F.i'l = IT =

Fxsmple 7.21 T find o1 =i, —— et ol Rgiee 7.2A; 3 = 5IA 0 il

g, 1 hen
fu"'l_—_;uh= J{:m’ wilia .

Sow, we use the half-angle formula: cos?u = [} +cos2u)/2:
| +cosdu

f 1= |:I'.t'=f—-——'—¢.!'u=l--1-
e double angle faemula; sindu =

i TATI

Linau
4= IC .
3 [
= T i Chsy =

(7.68)

Nevw, 1o returm 1o the original variable ¥, we have to use th
/T =1, and we finally have the answer:
nr::f.mx =2
+C.

iR :

use (he substitution of figure 7.28: x

(7.49)
= tanu, dx=sec® udu, Vidr=

Example 7.22 Tofind Jv1 +xidr, we

gecu. Then
(7.70) [ iR [ sec? .
This is still a herd integral, but we can discover it by an integration by parts (see Practice Problem set 4,
prohlem 6) 10 be
(7.71) fsnc’u'u -[seuulnnu+ln||ﬁ=-:u+lnnu'[}+£'
T . We finally olbtain

urn o figure 7.28 10 write this in terms of x: tanir=%, seCu =

fw.# | 4 x%ide = éln’i Tl 4 Injy/ 1+t al) +C.

MNow, we ret

(1.72)

Example 7.23 fn."'l +xide= 1

L7
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Chapye, 7 £
Dﬂn "t be i Irl”-_r'a”*r 1
Misleg. ~Lntepry,
2xdx leady t0 the ;ﬂ ﬂlw.:.:m Iy . T
Ormygy ~ Y Simplg S0 b E“"‘*—-—-
(7.73) "Wiion iy, . T

3 r!-i-_.-:I1:‘r

Exampje 5
o f‘tzmd

X B
L]

Here g
mple subsiin..
o They ple bstitutiyy, fuils, g
We e the
co Th &I.Ih-ﬂ' 1 r
(7.74) - Olipre 124, F, -
= o, T iy, Wi=

~ang i'l.lﬂr,.:ns_!: rﬂﬂ':u;:‘.'-_-

=3 3
fﬁlﬂ HCOS™ iy =_!_ .
" 4'fsm‘f2=r}du=%ﬁ,_m{_=,_
] .

-
vy
i.:-l-_'_.

(7.75)
(-2,

Nﬂ“’, } = Zgj =4 - =] = 3
51N [#HJ = ESE{EH} ms{!u} = sinu-nm:.rf] 2sin” ul:l =any ] | :
il =2 F'..'_u..'}

(7.76) f A/ T2y~ Bsiny  e/T=3(1- 34
S T :|. Tl:...

For . .
kﬂﬂﬂrh:f t:"m“!'ldﬂf of this course, we shall assume that you have 3 tsble of el svailadde g
itside by use it. There are several handbooks, and every Caloulus text has 5 taple af .n:..-5|.._.44.“. oy
T ck cover. There are a few tables on the web: s
http:f’frlﬂath? org/math/integrals/rablect. hm

;f-“:- //www.cahsl.org/lessonlcalc/table
hte Eblﬁ-ﬂf-intﬁgrals.htm

J,P: ”WF‘W.Eﬂgineering. com/community/libraz 5'; '-f‘-\l'n- .

LT “8leulus/calcul us._table-integrals.content.uts
= F:f’f“ﬁ*ﬂ.maths+abd‘n we kit 1_!Jl,-r"ﬂ“w._'_=|..'¢;-;: teSint
/nodes)  pemi
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Chapter 4
Partial Fractions

4.1 TIntroduction: A fraction is o symbol indicating the division of
. 3 .
integers. For example, !:;IH" %"m frnetions aml are cilled Commean
Fraction. The dividend (upper number) is ealled the mumeritor MNx) and

the divisor (lower number) is ealled the denominalor, [ %),
Frnm_ihu previous study of elementory nlpelirn we have learnt how
the sum of different fractions con be found by taking L.C.M, andl then add

all the fractions. For exomple

1 2 g
§ +— = 2=
x=1 x+2 (x=1){x+2) b )
2 1 a 9xL +5 x=3

)

241 (x+1)? x=2 (x+1)%(x-2)
Here we study the reverse process, 1.6, We split up a single fraction into &
number of fractions whose denominators are the Factors of denominator of

that fraction. These fractions are called Partial fractions.

4.2 Partial fractions :
ional fraction into the sum of two or more

To express a single rat
single rational fractions is called Partial fraction resolution.

For example,

i adl S0 SO0 BN

x2-) x x-1 x+l
2
+ X 1 1 1 :
2x x| is the resultant fraction and —+ - are its
:{{xz -1) x x-1 x+1

partial fractions.

43  Polynomial: i -
Any expression of the form P(x) = apX" * @n1 X ¢ i
ey 83, 81, g ATC real constants, if a; # 0 then P(x)

a;x + ag where ag, 8q.1, -
is called polynomial of degree n.

4.4 Rational fraction:

T ‘El}'ﬂ.l"f'

We know that -E, q# Ois called a rational number. Similarly
4

; N :
the quotient of two polynomials D(K} where D(x) # 0, with no common
X

factors, is called a rational fraction. A rational fraction is of two types.
£
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4.5

Propey Fractiy,,.
& rational gy, Ny

1$ less thyp th he degre
For ey ample ¢ degree of

2 Eﬂﬂminﬂ"}r Df,:n_' )

{i) 9?{ i g.x+ﬁ

; ~D(x +2)
@) X427
3x* - 9x
4.6 Imp roper Fractiop.
A rational fraction NX) . :
ction D) 15 called ap 'Mmproper fraction if the
degree of the Numerator Nyx) ;
X ;
Denominator p(x) %) 38 greaterthan or equal 10 e degree of the
For example
; 23.3—-5:{2—-33:—1(}
(1) .
X" =1
3 gl
(ii) 6x . 5x° -7
}1. 33 '—21'. _1 H ko )
':';!J-I-I.EJ. An improper fraction can be expressed, by division, as the sum of a
¥

Mial and a proper fraction.
For example:

?Z‘H’;z L gy
W?n’cil-_isi}ltm;ni'll as, divide i!i.'.-:E + 5x7 = ?H':}. -_‘-‘-;— 2x — 1 then we
h‘kpm}_ nomial (2x-+3) and a proper fraction o
A !"'Hi:t'ﬂs of Finding Partial I raction: Sy
A Proper fraction X} wan be resolved into partial fractions as:

1) D(x)
ICin the denominator ll.'r{.x'l il:. o
Il:":'-n"’!]"“"'"’ll}g. is pnl'l::li RS

lincar factor (ix + b) occurs and is
] will be of the form

hase value is o be determined.,
T | anstant whose Ve
h‘g-Wh::n. A is o const
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Chaplerd

M Partisd 1 paciim

(n I
L& 4
lll!lur-l, i *::1:“:“:":'“'“. 13x) n lneor faclor fax + h) occurs n
fisin WY thon there will be npartial fractions of the
A
| A
P, A Ay

nx + ’ i —
b (ax+ h}"! (1% + by’ (ux + h)"

dvhere A
are 1o b 1 Ay, :‘"iﬁ --------- Ay dre constants whose valuss
o be determined

I
( }m:l:ura l“[“ the denominntor Dix) n quadratic factor ax’ +hr+c
nnel is non=repenting, its partinl fraction will be of the form
Ax+ B
=
ax® +bx+e
be determined,
(IV) If iln the denominator a guadratic faclor ax’ + bx + ¢
occurs n times, i.c., (ax® + bx + ¢)" ,then there will be n partial
fractions of the form

Alﬂ 4 Bl ..I‘!"h-zﬁ e El J""L?.K T 53
F * 2 2 * 2 3
ax? +bx+¢ (ax* +bx+c)” (ax” +bxtc)
A x+By
+ EL
(ax* +bx +c)’
Where A, Az, Agmem===-""~ A, and By, By, By ------ - B, are

constants whose values are to be determined.
Note: The evaluation of the coefficients of the partial fractions is based

on the following theorem:
If two polynomials are equal for all values of the variables, then the

coefficients having same degree on both sides are equal, for example , if
px2+ qx+a=2xz-3x+5 Y x ,then
p=2, g=-3 and a=>.

48 Typel _ =N
When the factors of the denominator are all linear and distinct 1.2,

s where A und B are constants whose values are Lo

4

----------

non repeating.
Example 1:
Resolve T =22 into partial fractions.
(x -3)x—-4)
Solution:
Te=25 . K __ B o

(x -—Nx -4 x-3 x =4

Multiplying both sides by LCM.ie., (x—3)(x—4), we get
Tx — 25 = A(x — 4) + B(x — 3) -——=- s (D)
Ix—25=Ax—-4A+Bx-3B

=

Scanned with CamScanner



Tx
- Ei = N”h o
Cmn ?JI‘. & ;"t * Ry A ——l_'l.f_{“ﬂl._ﬂgﬁ
Fﬂhng “ & f"t i “].t | q"“ - ”_I
e i1 L
y Iuitrnh of like L
. wers
ae i ang 5of g on hath tidos, v

I ACT1on4 ar
.lllﬂmast_h*e Meth d:3}[" e ;:-:—i +::;
!I:EE :Zhj;;:ix 44:.'! * B(x -~ 3)
69253 fg{;}ﬁi SR
Putx~—3=§ = X=3in

ot

n = ¢ ”-.I‘ %
7(3)-25=A(3 -4) +HE! ff;’}" (2)

. - A
” A=4dq
ence the required partial fractions are
7x = 25 - J

(x -~3)x —4) x-3 x-4

4 o ; . -
""-Iupleh;R-“.& of equation (1) is the identity equation of LIS
» 7x =23
fle the Identity equation of  —— :
(X =2AA =N
” x=23 o
*the ldr.-nnt;.- Co il i (x ~3Ka~4
#ﬂmﬁ ?x ":E_i A I -
Tl e - cd

(x -—3){3 ~d) .

I

h.“Jlld' » . " ') ar -
© o partial fraction: 7. | n’
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Solutios: -Il____ A B
x =1 x=1 +'R+'|

1 = A(x+1)+B (x-1) )

Put x—1=0, o x = 1 in equation (1)
1=A(Q+1)+B(l-1) = ﬁ,ﬂ%

Put x+1=0, = x = -1 in equation (1)
1 =A(-141)+ B (-1-1)
1 =-2B, = B =3

. i
T.1 C2x-1) " 2Ax+1)

Example 4:
6x> + 5x° — 7

—

It -2%x — 1

Resolve into partial fractions

Solution: - 1
This is an improper fraction first we convert it into a polynomial

and a proper fraction by division.
6x° + 5x2— 7 _ @x+3) Bx
3xt-2x — 1 x:—-
L gx— 4 =E}t~—4=h+‘ﬂ
& P 3x+1) x-1 Ix+1

x:-2x — 1
Multiplying both sides by (x— 1)3x T 1) we get
Ex-4=A{3x+l)+B{x~1} @

0. = x = 1 in (I), we get

Put x-1°5

The value of A
B(1)—4= A(3(1) + 1)+ B(l - 1)
g _4=A3+1)+0

4 =4A
— A=1
PutIx+1=0= X= —% in (I)
=1
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Partial Fraction

20 .
-—--‘-;—- = -_i B
3
= E:-%Ex_:i =
Hence the e« 3 4 i
ence e required partial f rictions gre
6x” + 52 _
gy G
Example 5: e
Resolve into partial fraction et
x? - 9x2 _ 8x
Solution: : E}{E— 8 b 8x - 8 = &x -8
-2 - 8 X2 - 8) xG-AxD

x'-2x2 - 8x X x-4 x+2
Multiplying both sides by L.CM. i.e., x(x - 4)(x + 2)
8x—8=A(x—4)(x +2)+Bx(x +2) + Cx(x—-4)
(1)

Put x = 0 in equation (I}, we have
8 (0)— 8 = A(0 - 4)(0 +2) + B(OXO0 + 21C(0)(0 - 4)
~8=-8A+0+0
= A=l |
Putx—4=0 = x=4inEquation(l),we have

8(4)-8=B#)(“+2

32-8=24B
24 =248
= I Ao
Ex +§=ﬂ — x=-2 in Baq. (D, we have
8(-2) -8 = C{=2Jl' ~2-4)
_16-8=C(2)(-0)
-24=12C
I‘:f-:nce [hc;,;iimd pm-u':l! fractions
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BN —
;F—-;Li‘.__h e
ST ‘HH Xy 41

Foxerelye 4,1

Resolve Ingg partind fraethon;

QJ 2% + 3
(X=D(x+35) A
3x? -2
QJ AT =dx=5

(x =+ 2wty

5 %
9 (x =0)(x =b)(x~c)

2% —x*h |

Q.7 (.8

(x +3)(x=1)x+5)

P'itdbd Frnetiem

'ni'l-

_?:u'z
Hlﬁ!!ﬁ

(%= 1)(% = 2)(% ~
l' )3 :jl’x ﬁ

I

e T—— e

(1= ax)(1=bx)(1l- 1‘..}:]

|

(1=x)(1=2x)(1=-3x)

6x +27 9x? 9% + 6
A0
S 4x® -9x e (x=1)(2x = 1)(x+2)
x! 2% 4+ %" =x =3
T -2 RIS
Answers 4.1
T L gt
Q.1 x#2+x+5 Q2 ;+1+H+3
3 11 28
Q) Wx-2) Sx+D)
[ 3 24 30
qq' + _4 X = 5 X=0
b [
Q.5 .

az |3|:3

(a—=b)a-c)x —~n} (b—n)(b—c)(x—b) 2 (c=b)c—n)(x=¢)

EI

% (a—b)a-c)]-nx) 4 (b=a)b=c)(1-bx) i {u-b}[n—u}:‘_l -CX)

3
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My x g 0=15 %
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Chapter 4

91 Partial Fraction

=f=1)
=1+1=2
;—l-b A=2
l‘:ﬁ:n the required partial fractions are
x*=3x+1 2 | |
= o — e —
®-1)’(x-2) x-1 (x-D* X-2

Example 2:

Resolve into partial fraction —-4—-1-"'
x(x+1)

Solution
L _;*’E.+_E_’.+.?.+_D_+__.dﬁ
Hx+l) X = e LA S

Where A, B, C, D and E are constants. To find these constants

multiplying both sides by LCM. i.e., x* (x+ 1), we get .
1= AKX+ 1D +BE (x+ D FCxXT 1)+ D(x + 1y + Bx

(1 _
Pufting x = —1inEq. (D
1 =E(-1)'
= E=1
putting x =0 1n Eq. (I), we have
1=DO+1)
1=D
= D=1 . ;
1=AK+ LPBEE X XyD(x + 1)+ EX

Comparing the co-efficient of like
Co-efficient of o A+E~ 0

1
¥ Co-efficient ofx': BY i i e TR
(ii)
Co-efficient of X cepeg 0 M
(111} s
Putting the value ofD=11n (iii)
c+1=0
— C=-1
Putting this value in (ii), we get
B-1=0
= B=1
Putting B = | in (i), we have
A+1=0
= A==l

— e ——
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I]J ddai

(kD) X+ KT

e

- ; 0—
q [ O] peuned pasimbar ai 2ty
{=H ¢

0= ft

0=HE+9"

f=fHE+Y

eaIS (10 10 X JO IUAIDIT[-03 A1) i imdioy
: "
(Y4 D1 4 xg g4 2 (1 + XE + XV =X+ p

['::J o
J-=g-
(==L~}
(€=2)o=(1=)Lt+¥
wiam ) ham [==x &= D=%X+[ Ing
Q-=V
| E
g-=—7l.'—ﬂ
F Y =
V—lﬁa:—,_f._.
| €

&
77 T

b= 1 T |
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Chapter 4 s
3 i

Fxercise 4.2
Resolve into partial fraction:

Q.1 g . XF
(x=2)*(x+ 1) (x + D" =)
413 2%+ |
Q'3 .‘i -.—-—-—_'-—'—"_-___.
(x+ 1) (-1 = (x -+ 3)(x=1)(xF 2)'
2 2
6x° =11x =32 Q.6 X" =X }3
(X + 6)(x + 1}1 (x—1)
§x?436x —27 08 Ax? —~13x
x —6x> +9x* T ek -2)
4 O —Rxt+1Tx+1
x-(x-1) (x
x2 2%+ 1

Q12 ax-3)

ik (x -1y’ (x +2)

Answers4.2
1 2 i

Q1 ~3apt G2 3
|

1 . .M
Qz 4{1 _1} 4[}[ e 1} 2(}; 4 1}1
3 I Lo i R 2—3
Q3 S5 2x+D) (D (x+1)
S __4 (" T 11
Q4 4(x + 3) 12(x-1) 3(x +2) (x+2)
10 4 3
Q3 x+6 %+l I,'_:-u;,-~'|]'r1
G ! + , -—3
e -1 (x-0 (x -1’
2 14
- -'- 3
% (x—3) (x—=13)

Q8 3 " 1 4
1+d n-=-2 {1-1]‘

b
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Partial Fraction
Q9 x4 -4 i 2
X _‘I"";:?
e 7
=3 {xat;”;;‘j;ir
L N y
shx=0) gfhlf*ii{:?ﬂ“z g
01 . 3 / X+ 2)
25(x + ) m}+m
4.10 T_vpcm
When d : :
which ar it m:;mnmn!u COntaing I-reducipje
Exampje 1.

Guadraty, factors

Resolve inyg Partial fractions ___9x~7
Solution: B 3)x 4 h

Ix -7 A Bxsg
(x +3J{x3+1'} Cx+3 7 X% +}

(i)
= =-Yin Eq. (1), we have
NA-3) -7 =A(R3)+ 1)+ (B(=3)+ Cj-3 + 3
~27-7= J0A + 1]
34
A=-_ =
1

9% =T= A+ 1)+ B+ 3x) ¥ Cl + i)

Cuum'iHE the co-efficient of like Powers of X uis both sides
A+tli=(
IB+(C=9 __
Putting value of A in Eqg. (1) {_ 17
_.’fp]i (0 = ¥ 3
5 !

oy, Ey. ti)
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Chapter 4
) ) Partial Fraction

Hene '
¢ the required partial fraction are
~-17 17x -6

Sx+3) S+ )

Example 2:
Resolve 1 ' ' x+
solve mio partial fraction ——5—
1 |
x" +x*+|
Solution:
F ¥ L
L'El “_x :] = 2 - I.I
xt+x?+1 (xT-x+1)x+xtl)
x?+1 Ax+B  Cx+D

{I: -x+ ]]{:-:'1+x+1} _{x1 -x+1) {xz+x+]}
Multiplying both sides by L.C.M. i.e., K2 —x+ 1)(x2+x+)
i+ ]=(Ax+B)x*+x+ 1)+ (Cx + D)(x* =x + 1)

f like powers of x, we have

Comparing the co-cfficient 0 _
Co-cfficientof X’ : AbCml s )
Co-cfficient of x* A+B-C+D=1.iinsn {u}
Co-efficient of x : A+B+C-D=0, cccreeen [j%li}l
Constant B+D=1 e (1Y)
Subtract (iv) from (ii) we have

A-C=0 [1.';!

A=C i iV

Adding (i) and (v), we have
A=0

Putting A =0in (vi), we have

in (iii), we have i

FadEAFE

Puiting the value of A and C
B-D=0

Adding (iv) and (vii) 1
23 =1 =p B=3

from (vii) B=D, therelore

D= =
2
Hence the required partial fraction are

=f
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Answers 4.3

O iyl -5 fii
2 - —
X=2 x%45 Q x+1 x%+3
{?& - 1 x+12 Qi] | o I:.‘E—E:l
5(x+3)  5(x2+1) T3+ 3xP-x+D
g . 1 X=]
2x+1) 2%+ 1)

28(X—2)  12(k+2) 2K
W ! -2

] b ——————

X S
‘J 1 : .i X X | .i > fI]
{ .,_,} ] x £ -
b T — i 'l..l'-.
4 [x—q , X4 at A
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Chapter 4

— 97 Partinl Fragtion
Q9 x+ ! 1
+ R .
AX=D Ax+1) x4

Q0 —' T 3x+2

I+ 6(x-2) 2x?-2)
Qi — . X*2

3x=1) 3(x?+x+1)
Q.12 7 l 3x~1

lﬂ{:’i—.l]- 10(x + n_ 5[:;1 _|..4}

4.11  Type IV: Quadratic repeated factors
When the denominator has repeated Quadratic actors.
Example 1:

:{1

1=+

Resolve into partial fraction

Solution:
x A Bx+C Dx+E
T = il 12
(1—-x)(1+x") 1-x  (1+x*)  (1+x7)
Multiplying both sides by L.CM. ie, (1—x)(1#x7) on both

sides, we have |
2= A(1 +x3)F + (Bx+ C)(1 =X)L T X)HDx + E)(1=X) oo (i)
i = AL + 2 Hal) + (Bx +C)(1-x +X —X yH(Dx + E)1 %)
Putl -x=0 = x = 1 in eq. (i), we have
(1) = AL+ (1))

|
1=4A = = :1'
P i
2=A(l+2x+x) Bix— X2+ X' =X —x xR ) i
+I:!x_.11+E]-—x} e : ........... ; ”:.
CunEparirt:g ﬂf:: co-elficients of like powers of x on both sides n
Equation (11), we have ) "
Co-cfficientof 8 ° A=B=0 e Ti'ﬂ
Co-cflicientof X*  ° B-C=0 e B
Co-efficient of X’ ' IA-B+C -11J T )
Co-efficient of x : B-C+ l‘{ ~BE=0 e ¥
Co-efficient term : A+CHE=D vrvecirerins
from (i), B=A 1
S .|'"L ol
= B 3 7
=y
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= el HwC
from (i) 4 . ; C i.
SA-Paego
|
=z[_]_f |
P
=% 1) 4 4 !
from (v) d
t_‘l\__[:
Bamod i, |
Hence the 4 T3

are by putting the valyes of A,

+ &) x4
H-x) 4(1+x3 21+ x%)

Example 2

1
Resolve into partial fractions SRy

x2(x%+3)?
Solutipg: e

I2+x+2 A B Cx+D Ex+F
e ;R S S s TR R
X“(x*+3)° x x* x*43 (x'+J
M"!“'Pl'}'lﬂg both sides by L.C.M. 1., x2(x" +3)°, we have
X2 +x+2= ﬁﬂkdﬂ}+ﬂm +3)
+ex + D)X " *43)+(Ex+ )X )

P"flmg x = ( on both sides, wa have
2=B(0+3)
2=0B =

+H{-‘i 165" +9)

1) )4 by’
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Chapter 4

(1), we have

Co-cfTicient of °
(1)

Co-efficient of x*
(i)

Co-efficient of x

(1i1)

— O

HOBRIDIEY? 4 (x o1

A+C=D

B-D=0

A +ICHE=D

Co-efficient of x* 6B+3ID+F=1
(iv)

Co-efficient of x gA=1

(v)

Co-efficient term 98 = 1

(vi) =

from (V) 9A

—

C=10
from (i) At =k
-

X B+D=0
fl'ﬂ'm (1} DS—E
=
—
from (iii) 6A +3C TE=
6l = +3 ~2)+B=0
9 9
3. 0
=5 8

—

=1
from (iv) 6B +3D+F ~1-6B-3D
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Partial Fraction

=iy o O L x—1

9 B e
" e 2 +3) 367437
Resolve into Pargig) Frm::n:se 4.4
Q. z :
(x+ 1)(x* +2)2 Q2 - -
03 5x% +3x+9 H':"}“:x}
T Q4 Z +3x+6xl4sx
B {H-!}f.‘-:z+x+1]1
2x -3x —dx ] 2
Q.5 AT - Q.6 X —15%* —8x -7
X+ 1)0x"+2) fﬂ:{—ﬂ{l-i-;.;l}z
0.7 492 08 Bx?
(x=2)(x*+3)’ (1-x)(1+x2)
4 3 2 2
Q9 X tx+2x"-7 Q.10 x*4+2
(x +2)(x> + x+1)° ()7 +4)°
1} T
x*+x% 41
Answers 4.4
|
0 7 X7 AL
9(x+1) 9(X%+2) 3P+ 2)
02 ] x-1 +___f‘_'.“_l._.2-

. 2

1+x) 4(1+x%) 20+x)
i ] X 2x+3

y Bim 2 Al

X x*+3 (x“+3)

l}*’r 2 ¥ -1 3
=t ———* )
-1 p2ex+1
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LH]]

— P il Fragtion

Qs 'I*v—S—EE_:_I_]_ 2(3x -1
D 30Ty oy

2
Qs iy X3 x-)
X=3 l-l-x

Q.7 : _XFE Ix+4
1—1 :{1+3 {314-3]1
Q8 + + i
1 2% =3 1
Q.9 + -
Xx+2 xPax+)? xPax+l
1 | )
10 - +
R T
=1 x+ 1
Q11 - (:'- ) 4 {.1 )
2(x*—x+1) 2(x"+x+l)
Summary
inls. Tt Eﬂiﬁ called o
Let N(x) # and D{x) # 0 be two polynomials. The D)

proper fraction if the degree of N(x) is smaller than the degree of D(x).

For example: oy R is a proper fraction.
Also N(xi] is called an improper fraction of the degree of N(x) (&
Di(x)
greater than or equal to lhtﬁdc gree of D(x).
For example: is an improper {raction.
In such pruhlr:r}:m ;n divide N(x) by D(x) obtaining o quotient Q(x) and @

remainder R(x) whose degree is smaller than that of D(x).

Thus M = (x)+ R(x) where R(x) i§ proper fraction.
D(x) D(x) DI;}L]
Types of proper fraction into partial fractions.

Type 1: .
Linear and distinet factors in the D{x)

37
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Chapter 4
s LS Partial Fractic
X—a
-_______-___-_-—-—.__ —
(x + I
DR g
Type2: 4 XxX+p
Linear repeated factors i D(x)
X—=a
= B B+
(x +a)(x® +b?) E
X + BT
Type 3: 4 x“+b

Type 4:

Quadratic Factors in the D(x)

X—a 2 A _LB:AH-C‘,
l{:-r,:+':?1)(:&.:1-#13}2 x+a'xz+b2

Quadratic repeated factors in D(x):
X—a _Ax+E+Cx+D_ Ex+F
x2+at)x2+ %) xP4a? b (2 +bP)
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wni.ﬁ the sho 2slinns

™ answers of the following;

Q.1:  What is partia] f ractions?

Q:2:  Define proper fraction and give example,

Q.3:  Define improper fraction and given one example:
Q.4.  Resolve into partial fractions =

(% -2)(x+3)

. 1
Q.5: Resolve into partial fractions: 7

Tx + 25 ' : -
Q.6: Resolve X+ 3)x + ) into partial fraction
| . -
Q.7: Resolve o P into partial fraction
x*+ 1

i ial fractions.
Q.8: Resolve GrDx-D into partia

. 8 x 3
Q.9: Writean identity equation of -0 +xX)

I+ 3
Q.10: Write an identity equation of m

-5
ey ;
Q.16 Write identity equation of -—-—-—T"'( =5 1) (11 e
T 6+ 5% -1
.t an identity equation of W
Q.12: W | e x-am
L = “. -
Q.13: Write an identity equation of x-4) (x 5 (

5
X

Q.14: Write an jdentity gquation Ob «* -1

gyt - 3K - 4%
_______-—-_-_T-_--I
quation of xF DT 2)

*

Scanned with CamScanner

Q.15: Write an identity €



L LLE LT £
—\ﬂ

Q16. Form

__Partial Fraction
of pariig) fraction of —_

I
x+ a2 "
Q.17. Form of partiy| raction of — I

(x -+ I;I (x - ?.}

al fraction 1| e— I

\ Q.18 Form of pypy;,

(x* + D(x - 2]
Q.19. Form of partial fraction of :

(x? + Dx—a)? °
| )
(x’ ~-1)(x*+ 1) ® .

Q.20. Form of partig| fraction of

Answopsg
04 4 1))

1(x-2) " 7x +3) Q5. *;1.+;l
4 3
. I
Q6 x+3 T X+4 M j

] |
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Q.1

B

o

)3

Objeeqty, - T ————Tuntinl Fraetion

Fype Dnenting,

Linch questiong ling [

n“.“ﬁ‘i".- l'l:l'll.l i [ 1 i Hull 11“. ““ :

."1 | " |-lln--||I|I L"""“WL"IH. :-I!'“ |

'El lh'c ‘-.Il'l-l'l'r‘l"h "I "1.“ “.1 o "“: o
of '-I‘-‘”"t““il“! Loy

(n) Proper
(€)  Neither Proper noj.| (b)  improper

I the degree of n-.uur:rnl:; :Hpmmr (&) Bath proper and improper
then the fraction W 4 less than the degree of denominator,
(a)  Proper

c il . (b)  Improper
() Neither !;TTFS nan-improper (d) Both prnpi:.r and improper

=3 15 known as:

X"+ 5x+6
(a) Proper | (b)  Improper
(c) Both proper and improper  (d)  None of these

erngy M X)

D{x), then I eounl o preater than the degres

the fraetion |y

The fraction

The number of partial fractions of AR are:
4x> -9x

(a) 2 (b) 3
(c) 4 (d)  Noneof these

_ : ¢ x* =3x% +1 o
The number of partial fractions o =D+ 1) {:{1 1)
& 2 (b) ?5
© 4 e

: x+ll o

The equivalent partial fraction of 7270y, 7352

B 2 * =
(a) A, v} ®) T x-3

x+1 (x=3) A  Bx+C

C nLes
A B Ay @ -
(c) x+1 x-3 (X 141
15.
The equivalent partial [1acto? i (< + D+
Ax+B G
Ax+B  Cx+D ®  Fiq x+3
e T ; Bx
2 X
@ ;Ln atD @ o
@ WaEl Bt '

Scanned with CamScanner



2
o
; X+] (b) L
© --.-__2__, i x+]
X X+ (d) E+ 4
—9. Partig] fraction of 2x+3 X x+]
(x 12}{:{ T 3 15 called:
@ 2, 1
P L
X2 x+5§ (b) -‘3"“"""‘1‘-
@ 2 i T
X~2 x+35 (@) | o
. X—2 L
10, The fraction {h—lj(x-EJ(x-—E} is -
= 4}{}; —3}(3‘. = 6_}' 15 called:
(a) Proper (1)  Im
(c) Both proper and Improper {'h:]l N-:riznffﬂ:hr
S
Answm:
1.
£ 0 28 3 @ 4 & o«
o 7 o g c Q, d 10 1;
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- that this branch finds applications in a variety of ‘ I. | : | .
E;mmﬂrﬂr: and many more. y of other problems in Statistics, Physics, Biology,

I this Jesson, we Will define and interpret definite integrals geometrically, evabuate definite integrals
using properties and apply definite integrals to find area of a bounded region.

@) onssonves|

After studying this lesson, you will be able to
. deﬁnemdhﬂerpmtgmmctricaﬂymndﬁﬁ:ﬁteinﬁgm!asamrdtnfm
. evaluate a given d:ﬁniteiutcgrﬂlusingnbwﬁduﬁniﬁnﬂ;

. siate fundamental theorem of integral calculus; |
evaluating definit® integrals |

. staiﬁamtﬂeﬁ]f:fnllnwiﬂgpmﬂﬂﬁfﬂfm ) X :5{ .
b - [(x}d}; sjf{ﬂjd?-'i' fix
o [rooa=-[I08 ® ! J )
a
® ( f(28 - X) 0%
e f(x}d}{ =If(£}d1+l
(i) l u )
fr(x)dx tif{a-i'b"“]d
- fix =
(w}{ )

MATHEMATICS q %
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2 i e - 3 .
() [ £(xddx = 2[F(x Ddx if F(20 =x) = (x) “‘*\H]i
[}

il

i f{2n=x)==F(x)

i 1]
{vi) fﬂ'n Yy = "'f (Cx Jx i Fis an even fimetion of x
- i
=0l (i an exded fimetion of x,

apply definite integrals to find the area of'a bounded region

Knowledge of integration

Area of g bounded region

nfo ;
all thege ;1;: i Subregions of this

an _fp__! r
' (x) be 5 as to i
E;SWHE that aj) JE”EE:{S functig, efin L
on is dK on ¢

‘ rval
o F'ig.E?_;i}_ nuu-ncgative, 50 Tﬂfﬁfﬁ;ﬁﬁ:
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| MODULE .y
Calculus

Hobey

he region bevween this g2
o gder 0 : curve, the x.
;_;@ region in Fig.27.3. Now the thlm-:

axis and the ordinates

1 =aandym '

: s this prob . mtﬁﬂﬂﬂtheamauhhuﬂmdmx 'b, that is, the

| cder to solve s Pro em, we consider three spec: region,
and trapezoidal region. | cases of f (x) as rectangular region ,

in general for any function f (x) on.[a, b]
area of the bounded region (shaded region in Fig. 27.3 ) = base » average height

mghastﬁﬂﬁlmg‘h“fﬁlﬁdﬂmhtﬂﬁﬂl[ﬂ,b].m‘rmigmatany it x is the value of
1t that point. Therefore, the average height is the average of ﬂmamueTwuk:nby fm[:tg. UE;:;}E
ma}’mtbemf'ﬂs?mmmﬂmmmmﬂvwmﬂfm&.}wmtww

find the average value of fin [ah].

17.1.1 Average Value of a Function in an Interval

Enit&m.lmbf:rnﬁa]uﬁuffin[a,h],wc can easily gﬁlﬁlﬂﬂ?ﬁﬂgﬁﬂﬂlﬂﬂh}‘ﬂm

formula.
Sumof tbavaluﬂsnft'm[a,bl
mbersof values

Average value of in [a,h]= T

But in our problem, there &re infinite
average iniuch a case? The above formula does 1ot help us,
average ualue:ufﬁnihefnﬂuwmgwa}h ﬁ]uaaffmaisf

First Estimate : Take the value Bff i:t:’ ““lf'val ue of fin (a0}
namely f (a), as a rough estima®? Q)
: y=f (a)
Average value of fin & b-intervals.
ual pg,ﬁs or 5u
Second Estimate 3 Divide o
b-8

(a). We take this value,

==
Letthe length of each sub-inter®! beh, b =7

: 15 of e
Take the values 4::f{"a!tthﬂlﬂ'ﬁ’ﬁu‘.‘plll"-ll?‘f"w‘5
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MODULE-V [(Fie. 2
Calculus r il
Py,
-/\\* il fia rr'|£
. Norr rl |ll » X
e —— L]
: {#+ 3}
Flg. 274

Take the average of these two values as the average of fin [a, b
\wernge value of £ in [, b (Second estimate)

f(a) ¢ f{a +h) o 28

.
- HII
This estimate is expected to be a better estimate than the first.
Proceeding in a similar manner, divide the interval [a, b] into n subintervals of |
Ength 4

£

bh-a
n

[rjg'. _"'.-“‘-'.]r h =

=y
| E ﬁf =
El+]+ ¢ |
=l o =1
==y * |
1 = i I
(1} S

f

]| !

I ke

28+ha+oh a+in-1h » » X

Tuke the values af 1
Of Fat the lef] ong points of the subintervalg

The values are
fﬂl E:Ij, !‘lﬂ- rfﬂ + ilj,--.--r.!*{:l +- {n-” hi T-I'IRE ”".'- ave
Fage of these n values of fin

Aver ]
verge value of iy [&, b] (nih Cslimate)

MATHEMATICS
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| MODULE-V

o)
P Calculus
Lera) £ #Y),
‘TU{‘I} h = h-_._";
\
bee)+F(R ) e anyy, v Bn
: 3

Lifie) e Flaeh) o

1]
g farther and farther along this sequence,
WEE iy, the average value taken by fin [a,
o qimates as the average value token

-y, g o ot

n

We are going closer and closer to our destina-

tf]' “‘-ﬂl‘c!‘m, it i reasonable to take the limit of
by fin {a, bl In other words,

I'-.- age vatue of fin [a, b]
)
i )T ) 4@ @) e Ha (a1

h W o (v)
n

11 can be proved that this limit exists for all continuous functions £ on a closed interval [a, bl.
Now, we have the formula to find the area of the shaded region in Fig. 273, The base is
(- a )and the average height is given by (iv). The area of the region bounded by the curve §
(%), x-axis, the ordinates x=aand x =%

=(b -a) lim %{f{a} +({a #h) £(a 2h) . fhka (o VA1,

b—a
n

We take the expression on RUHLS. of (v) as the definition of a definite integral. This integral is
denoted by

lim %{f{a] +£(a4h) 4+ fa+(n=1)h}, b= W)

b
fe(x)ax

b
reat as integral of £ (x) from a to b, The numbers a and b in lhtﬁ:fmb'-‘!ﬂ C0x) & gre called

L9
respectively the and upper limits of integration, and { () is called the integrand,

Note * In abtaining the estimates of the averge values of Tin {a, by, we have taken the lefy
“0d points of the subintervals, Why lelt end points? !
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—_————— . — e EEI' e ‘-.‘l:ﬁq
Efﬂﬂ'ﬂLE v f cubrintervals hrovghout ancl i that €as€ L i
= il - b n
Caleulus " : _fl‘r{" iy J .lrffl EIFJ k {h.}}# h E‘E-:‘i
(b - ]q“"":_ i

h

Example 37.1 REUL F x dx a8 the [imil of s,

[r(x)dx = :
| " +f(h
D"’ = fim hria+ h)+F(at 2h )+ s wf(b)] r:.
Nl

Raluiion » H‘_l.' et o,

b
.:.Irf{x Jdx = (b —ﬁ.}ni_f':.i-ffrfnj ¥ B) e He I}h”-

b-a

| A .

Herea= Lb=2 f{x)=xand h F—I'-
n

:fxd!:=n.i_iﬂn-![f{f} +F(: t:llf Foren ﬁ-{; Pd#)]
=

:uﬂn{r{] *n‘ilr(“[f %} ....... f l.ﬂ E)j‘_j)]

niimesg n n e
n
lim —
n—nmﬂ[ ‘l"n'-“ R (H !_})]
I
= j kel |
Jim [ J—-ﬁﬂ.ﬂ]
[Smcr.-;.f,
2 +3 -+ [
{-'-n L ﬂ"'I}.ﬂ
= lim _‘[Jn ~1] ke
=y E.
= lim [:E I 3
Rm| 2 -EH -

I
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ﬁ Find i e dx as limit of aum, . ‘-

Calculus |

’ — I'l.
iy |.'|:..'|"|I'Illl'lm'I B

UL GLCH R BECOE T P T PSR

|'|\ -

| b-*®
h= n 5 X
1 - 2
tandh -— S

- hm h{F(0) +E(h) H(2h) +.. #(n h]
(LI d‘_n—\}h]

i
- limh d 4t
h—0

M -\
hmn’ﬂ ‘E‘ E i} }

h—

!j dx =

0

tates that continuous it (o)
ﬁﬁ;m 1:1f fiscon ; {n}

!f[“] iil = F[.b]

a
15 GO
The difference F ®)—F (@)%

i f(*
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i 115 that

o =
MODULE - V | o words the tharet K
l e ¢ Vinhoe i anticherivative at the pper limig Iy)

Calculys J £ x)ds
(Ve of the same antidlerivanve at the lower linip i)

"""\H 5
/S,

Ex.
!
I

Solution : -JI . } E3 }
! 'l I

413
L
m Evahuate the fidlkwang
- )
(@) [cosx dx (b) fc:'" thx
0 0

Solution : We know that
J'_ cosxdx = sinx + ¢

Icusxdx ={sin ]
0 [ -*:jo

= %] ..H.. .
Flnz =sml =] o 4

2
(b) fr:h dx = e :
: 2 5 [.‘.f ﬂx{i\' = E‘t]
=(c" |
2

d

b
i) fr:!'fx_ﬂx = cfhl'fx ) dx
: i
(1] H”"J"' ( h i
J 80x)]dx =[r(x )y fo(x)ax

b
(i !f’fIJ*H{HJ}dx =fhf'{x )dx -j‘:g{x;pr
n dlx

MATHEMATICN

g
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MODULE -V \

galuate %Lqﬂ A H i Calculus

1
1 5% +T\Jdl “delﬂ“' ‘55‘- iy 1-!'1 dx

.yi‘

| Iil.lﬂ ¥ 1

1
= 4! xtdx - 51 nilx + 111 dx

A
=4'(’:J 5(1}”11}

al sed g
1:~r1ﬂ‘2li"”"l step 1 ve G inite I 5, ke
In the preceding lessan mndh: fiok nnml.‘b,:mﬁ finite e
One of the impOB P 1y gop vl
we use substinution ™ z

i S ¥ ol
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MDD.U_LE_-'F | the stepe evnld he ok follows '
al= Arymrialie cpsbrtiination tes rooloce the given integml to g knﬂ“"ﬂ
CEJEU.FUE @ {:f.r.-:rrr}:t“f::-::'ﬂ it terrrie af the new variahle. ! mjmeh
/-'\\ iy friegrate the new rnrﬂ:ﬂ'm' with raspec fa the new w"iﬂhh' k
. i fmy o Tenge the Irrrrids SOCOT hrPJI;:'r' nrnd fil the difTerence of the v.a}ru.“ a HH: u
e Y 4] Ipmrte MHMh
Sailte = [ ae donnl i rl.'.lllll.'l' fhvee Jirmvil il n“"r“'":r o fhl’_‘ ncw yﬁflﬂ-l':liﬂ. 'hcﬂ- ,‘".:r
recubstitute S the new vanabie and write the answer in eifing) Vilriahip ;.--H"{r "mr::erm
the maswer thees ofstmed af the griven limits of the imq—"”"- i the wd“'"lﬁ”
3 X
(e 34 [ el
Solutlon : Let |+ x? = ¢
2x dx = di
L or xdx = E_dt
enx=2t=5Sandx =3 t=]p Th
: crefore, 5 and 10 are the limijs when  js
Thes x 19 e e
i r-_T dx =— | = dt
31T+ x* 2 3 t
= -]-f log t _Igﬂ
2
- log 2
=—=lo
[Exampic 37, | -
Evalyate .
= :-hﬂ .ﬁ]jh".'(mg 4
r j E Si >
. nx F X
st of_sim 3
0 5in% 0.4 gogd ﬂdﬂ (©) j‘-—'ji‘--
Solutiop . (a) u5+ foosx
Let COS x = | then
hﬂ-l-‘fandx-.—f - A
2 v A5 X vy T
varies from () 1, = tva
2 » L Varies from | 1o g
¥ 2 I
.t Sinx 0
iyt L,
x —1 ]
11382 t = fign=t f-]:]
— == tap™1 =
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sinh

Ls'ml 0+ cos? ﬁf <2

d i
11:l o 0

_ E.Imllﬂ 1 a0
E\-lam Beos® 0
-
7; sin20d0
= . 1 = 9
u‘l-'lsm El('. sin ﬂ
Lip=1
o S osd = duie  sin200 "
£ 21T
%, _ 1. As(varies from 010
1.'.:5]31'1.155""‘1' 1
\.;“:ng-;ﬂ. :!-
- ! ) dt
1"';1-11.[1-"-\]

| MODULE -V
Calculus \

2

ey

—E
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T X
| =tan® =
{c) We kmow that cosx = ——_i"
[ + tan? =
2
L. x
f ! dx =f J dx
g ° +4cosx 0 4(r-—[anz[§m)
5+
]
(' f “‘“2(5;)
jﬁ sec?( )
= 9+ tan "] o (1
o 9+ a2, '
x
fan > =
3 t

Sﬂﬁzid’x_—.
3 2dt ‘I-'I.I']'ll.'-il'.l_‘.||:=t]r t=ﬂ,‘ﬁ'hm-‘i‘=§+|{=1

: upper limi
SOme important and ysefiy| Properties of :ﬂl

3 b
O JE()ax= ()

s of integration :
: respecti
uch definite integrals, vely. Now we state below

b
@ [10)dx = e )a
i a :

b
c b
!f{x)dx =!f{x}dx +[£(x )dx, where a<c<p,

I nda ———
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0, iff(20-x)= 4(x)

“{‘1 X = li f(ﬁ]dl, Iff{l& 1'}-f{1}
0 if f(x )isanoddfunctionof x

} (x)dx = zi f(x)dx, iff (x )isanevenfunctionof x

Al
vl =i

‘4 TNLE gﬂsmﬁyhtwaluaiadmﬂywmthﬂhdpﬂfﬂ:ﬂmmmpm
u,',u'm.'-:d_?ﬁ'lf'féﬂﬁm boen very difficult of ;

(2)
)]

I i {.a —1}&1:waget

3 |
= |1 |
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. i
i' fot ( tan X | Y L

i
{ logtanxilx

i

iLin

= iI.."—_x
E,'rf-f-sinx o
2 E"""’“
I M =-x
e
0 Sinx l‘:mdx
fi -
2] = ]fl f-anx
: d,
ﬂf-smzx X

0
= a[( tan x ~secn

*xf0-(q)_

==

_;”

T

.._“lh:-_-!h. ]
-
rll"pr"lrI“J
"
jhrg [tanx|dx = p
0
(1)
ff{t}ch:*:ff'{n -x }:h]
0
(i)
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T
Ti Jsin x
0

[ *1 a =1\)d
wsﬁgmemgf[i}dl'yi )z,

| ™

(i

(@

UUULE -y
Caleulus

)

= g
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ITF ¥ 'I:;.:.
MOoDU S - —m’% v
LE.Vv T i 1|* ___-‘—_-_‘_H\N
3 1"!(‘5"“];—Eﬂikj_ _,-'I a
e ‘=JT = 1 ix [ Ii’{x}:ix:j’r(a_
r:lum( ] gxi i I}d ] \l
._j-'de
= - l4+cosxsinx fiiy
Adding (i) and (i), we get \l
2 L
f sinx = cosx j- cosx —srn:; ﬁ
A I+szinxcosx ﬂl +smx1.us:~;
X
” J-z SINX — COsSX + COSX ~g5inx
a l+sinxcosy i
=0
I=0
Evaluate v—
{E}_{ |+ x2 dx" ) _{f“'fdx
Sﬂjﬂﬁ-ﬂﬂ' :{rﬂJ HEJ'E f{xJ s ?.'E:ltz
] 4x2
i 12'
fl-x)==2
I+ x?
=-f(x)
- f[?‘JHMDddﬁmcﬁun-:}fx. '
f i{t_:- dx = !}
L1+ x?
3
) [ % +1]dx
=3
||1+II={" thifx 2 -
\ =X=Lifx <4
ﬂx +1|d —-I :
-3 B -ﬂx Hjdx +_“x Hdx, y;
ke ] + Using property (iij)
g MATHEMATIC®
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- )
it-—ﬁ -1)dx +§ (x A)dy
23 -
_x* § P 7
——%| ¥ =
& Ls| Lk
i
| LT PR
ol I8 St B e S PRULNTS P
=7 5 2 IH 10
LS
i muﬂ.m?!mg{ﬁim}dn
g @ 3]
E
o Lsi\-ﬂg{ﬂn“]h
r.'.'ﬂ'“I'L 0
L9
7 ] E-—- d“ﬂ
(3|
¥ @
3
;1[&-5{“““]41
]
o Wi get
g 9 O A
E cosk
1= | (os(s*) i
0

1]
"
7 mtsinﬂ\ll ax
2 Eﬂ i
= }l'mﬂﬂﬁ
a 75 og (510280 ¢
{
% Tep?
’l (sin¥ :
u B RT

| MODULE .V ¥
Calculus \

Nntra

i

(1)

(i)
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1
Loy ot I | Ko ginn.x Jily

-

&

2 S valoe i (7i), we get [from ()]

= ki s

-

Heacs, [log (s x o - _
i} J B _;_Iugz
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W N N inten, 'tl[t,hi:rrh

= o, Blthmt is, the CIVE ¥ = £ () dhoven
v The question is by 1 find the s

i), and o the sicdes hy y =

enn whist happens when the y
e left hand 'hmm:inrg.- 1,

IT"_‘!II":Ij':Eft'
SToms uteler the curve y - -
¢ Ty gt over[a b |
area of I'f':i:'rr':-;q-mhﬂn'u!ﬁl 'I-F"H".'-‘-.l"p"'“' i 'I
Ay . 1. helow by |

m crve | B ”"I.'I. Wherterta the iy
=, the right hend boumdary % = b ar otk

1740 Aren Ronnded by the Curve, vavie and the Oridinates
Let AB be the curve y = f (x) and C

CUIVE ¥ = 2 | 0) @ wiche

: . A, D the two ordinates at € = g and « = b rspecte ol
Suppose ¥ = 1(x) it an increasing fimction of x in '
the mierval g < x < by, e

Let P (x, v) be any point on the curve and
Q(x « Bx, v+ by ancighbouring point on it
Diraw their ordinates PM and QN,

Here we observe that as x changes the arca
(ACMP) also changes. Lat

A=Arca (ACMP) 9
Then the area (ACNQ)= A + 8A.. _—
The area (PMNQ)=Area (ACNQ)-Arca (ACMP)

= A+BHA=A=0A

Complete the rectangle PRQS. Then e area (PMNQ) lies between the areas of rectan
PMNR and SMNQ, that 18

5 lics betweeny 8xand (y +8y)8x

o2 lies between y and (Y + by)
o O N
In the limiting case when Q - P,ox =¥ Oand 8y —* V.

fim (y +9Y)
lim ?__A_ "ES]‘.}ETWI:'E-'-“}’M-"! Gy =+l
Hu—0 Ox
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MODULE - V ' s (AL
Calouls ' y "
i Area mien 1 = hj l'-*l.r'i'-'ll‘-'l.hl‘l'rl‘-a-.
\ Area TACTYH) = N
L
Aren (ACTHT)
N il e i
i v A TR Fllll'h'h-
rl WoCE
Fhe e Bewiriled! By the cumrve v = Fie), the x-avie and the ondinates x = 5 =i
L ]

w b 4

i b
j:r{"‘; JlT.-”r J}d“;

i ]

Find mon oonfmocs sngle vah 1 fimcti i I [ m
¢ vahreed hunction b1 }I'I:‘I!'Itlmtl:l'l:ﬂﬂgﬂtlﬂ
TT‘En'H
- el

fm Find the area bounded by the curve ¥ =X, x-axi3 and the lines x =0
X =]

Salution : The grven carve is y = x
ry
. Regurred aren hounded by the curve, x-axis and e
e orinates x = (), x = 2 {as ﬂmwn mn Fig. 27 ?]
B !ldx
0
x? : O
17 !
Jo Flg. 27.

' Hnmum]

=2~ 0= 2 square units e Rk

m?’ﬂﬂmcmbﬁlﬂkkdhythu

.H*&!hﬂﬂdﬂlﬂﬂlﬂiuﬂlﬂxﬂﬂmﬂkﬂ:"ﬂ

Stilution : The BVen cune s y = o

I:I d h'l. L“ ’ 3
| & k = x iﬁl u-[ I-!i'L :I lui!l t L § * Il

fu“dt

L

yi Ll

=(p2 ~1) Square units
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!' m Find the area bounded by the curve ¥ = ccos [ = ) x~axis and the ordinates

I" H.-.n.ﬁﬂm ascen .,

. 8 i x
solution : The given curve is y = ¢eos [_*]
¢

]
Required area = !’ ydx
0

= ?c:ﬁs[%\idx

0

=

= nl[sh{in
€/

= ¢t [sin[i]— 5inﬂ}
c

= ¢! sin (%} square units

Find the area enclosed by the circle x? + y* = a2, and x-axis in the first
quadrant.

y
Solution : The given curve is x? + :.rz = a2, which t (0, 9)
is a circle whose centre and radius are (0, 0) and a )
respectively. Therefore, we have 1o find the area 2ay2=al
enclosed by the circle x2 + y? = a* , the x-axis
and the ordinates x = 0 and x =a. o

. e (@, 0) o
. Required area = j ydx d (a,€)
N 0

a

—_'I &1 —xidx1
o
(v yis pnsitiwmﬂm first quadrant) L ;
2 X T Fig. 27.8
| 2 - k2 s [-)L
2 2 \a
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: N

g?-?:.::;ﬁ; v m Find the moven Doviided by ihe x-nxis, onchirilioge e Ih:r %
. ik %y Ay ma =D g il u”uﬂll-nk .
III.-.. " il wr 'l == i1 = ttﬂ"
o b
J’Ir \‘.‘l (Y = g, XX =0, X m [, [sphg s |
—w | Sodutbon 2 (1) Flere we bave fo God the areq |
e AT yumcled by (he X-axis, the Ordinatey , 1
¥ .
XY= o= 0 T el v
a X
Aneg ™= f}’fl-‘i
4 (> b given)
- xz X ]
* KIS and the fjpes X=
X, X415 and (he 1 =0,x=2,
=0 and X=13
_-"-—l—h-__.-l__
MATHEMATIF®
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T

Find the area bounded by iy Cuve y ., o2y
=g

Fined the area boun
thedd by the KeAxis, the curye y = ¢ 1I=r|[ x
andd X =g jusﬂ |

¢ Jl'l'l'lri Ihe oiridinatey ¢ - f)

:TAL Area Boungdeqg by the Curye g =

(
A (¥) hetween

Yeaxis and the [ iney Y=t y=d

! Fiy)and ot A

b the abscissae ply=¢ y= = DA

g I-'f drespectively, — ¥|D "

% Y)be any point on the curve and let 3

Q{‘-‘. + 8%, 3-1-53;"] l‘u:nnniﬂhmuillgminl M —pm”h 2
on iIme M and QN pempendiculars on o 7";: "
y-axis from p mﬂQT‘Eq'u:cﬁwljf. As ¥ changes, A

the m[hﬂ-ﬂ‘]nbu changes and hence clearly

a function ofy, Let A denote the area (ACMP),

then the arca (ACNQ) will be A + §A. ' Fig. 119 ’
The area (PMNQ) = Area (ACND) = Area (ACMP)= A + G6A = A = BA.

mn lete the rectangle PRQS. Then the area (PMNQ) I
RMN . 3 lies between .
( Q), that is, ( }lies between the area (PMNS) and the

BA lies between x 5 y and (x +8x)6y

GA
=9 Eﬁesbuwemnmd x+dx

In the limiting position when Q — P, &x — 0 and By = 0,

lim o lies between x lim (x+35x)
and -0

By—0 Oy
dA
— E =X
Integrating both sides with respect to y, between the limits ¢ to d, we get
d

d
dA
[xdy= j‘@ Ay
E c
d
=[Al
= (Area when y = d) - {Area when y =€)

4 d
[ xdy ={f(y)dy

o

Hencearea (ACDB) ™~

!

==

ne
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ODULE. V | The area bounded by the curve x = [( y ), the y-axis and the lines y = .

cﬂ‘fﬂums d d
[xdy o [F(y)dy

[

where x = [{ y ) is 2 continuous single valued finction and X docs not
eg v<d, d‘“"ﬂﬂsigﬁn the
My

(2R kel Find the area bounded by the curve %

=Y i3 :
Solution : The given curve js x =y, T Rt linesy=q

¥=3

ey -
= Iheamﬂhmm‘iﬂdb}'thfcuntx!_

s Yo =ais and e ins y = y
ﬂfuﬁa % :
Rﬁqn Theequahmuf&mcmmx=yz
uired area boyng
Edh}’ﬂieﬂw?c.}’ﬂ!isandlhelmﬁ}mﬂ},:‘?
2
2
0 3.1
8
=—~0
3
_ 8
~ 3 Square upjts
Find the ares
quadrant. enclosed by the circle X242 _ 2 .
Y =a E“d.‘v"'-ﬂxlsinﬂmms[
(16

AMATFErF o s s e
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tion + The EVED

1 i the
fore, we have to find the avea enclosed by the circle xltyt= a2, the y-xis and
 Therets
yecissac y=0,y=8

a 0 Mnles
Required area = iﬂ dy oo
= i \‘ul -yl dy
0

(because X i positive in first quadrant)

J ; n Fig. 17.11
2y
5{}% 31-jf2+1-1—1-5-1.'n I(;]l

1

R |
;{}+Lsin'1l—ﬂ—-—-$m 0

===

T . o,
Solution . The equation of the CUVe 5 xt+y- =2
The circle isﬁmﬁﬁlabuuthmhﬂﬁmcs,mmewhﬂ:

area of the circle s
guadrant, that 15,
Area of circle =4

L
,_4:{ EHE]H hﬂ;.” LS Eiig -

square umnits

Solution : The equation of he ellipse i8

11 ('. Slﬂ 5 1

e ™ == et - - o ._Ij E 'E;ﬂ
i Ea : <o is the given curve gt
' e 4 in Example 27,14, the e ﬂ#mﬁsﬁmﬂmf -
MM‘E‘t-lrl‘k;i.:ﬁﬂL 3:;5 Insl.;.ihmpmh'l.-:ms if we have been E.".-.k'l'.'lilﬂﬁn‘d
about bo & ; ;

MODULE -V

curveis x2 + y? = a?, which is a circle whose centre s (0, 0) and radius Calculus

0 ,L’.

.

. i 24y =a",
Findthewhutnarmhmnded'w:heumla x4+

2

fqmﬁnﬁ&nmam&mchﬂninﬁmﬁm

x area of OAB

Find the whole ared of the ellipse

v
2 hl

Fig, 17.12

h
2 Y

bt -
a _m

T =
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vical about botl the axes and so the whole
e the arca in the first quadrant, that is,

MODULE.vV [1he :'-HipE is syll;mr,*[ ;
area of the ellipse 15 four 0 ey
Celculus ﬁ'h-.:nht" anca of the ellipse = 4 aren (OAB)

[\ Iex the first quadrant.
e ; Ll
3 T 1
X b a? =x*

'._\__. » .
i 3 =]l=— or¥y=-—
i

"""\-\.\_::_--\.__\_'
i 3 -~
: h |
odes ; 5
Mo for the anca (OALR), X vines fromi ton

i
Area (OAR) = f yx Fig.27.13

Hence the whole area of the ellipse
abx

L B St

4
= mab, square units

27.4.3 Area between two Curves

za_u:h that f(x)2g(x) forall X €[a, b]
Ihatls.ihecmrey#{x}dnmnmcmss under
mcm'c}-=gfx}furxE[a,bI.Wewantm

find the area bounded above by y = f(x),
below by y =g (x), and on the sidesbyx=a

x=h,
Lfﬂ=[ﬁma under y = F(x)] —[Area under
y=g{x)] w1}
anusingﬂredeﬁnjtim!‘urmemmbuunded i 7
by the curve y = Fx), x-axi
; and ] =
ol ) 15 and the ordinates x aand x = b, we have

¥ =gfx)

L
I

a
Fig. 27,14 ®

e MATHEMATICS
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h | MUUULE -V
il =!f{ﬂﬂ A2) Calculus
N A

h
< ilarty,Area under ¥ = glx) =] . "

Lsng equations (2) and (3) in (1), we get

b h
F-=!T[n}ﬂ.1 -[g[r.]:'lm

=hﬁ”«ﬂ B T S

5 formula can be c:_tml.ndh:.r
the w-axis. 70 dp this let-m b2

funch i 1207 Thi
ppens o o has negative values 8
e sy g il hoth arc above
‘;:nmﬂaﬁng {he curves f(x)and £ (%) upuwﬂé ;“;_:[:_1 y

the mimimum value of g (x) on [, b (see

g(x)z-m =

Since

Scanned with CamScanner



MD'D”LE = v =3 [[]
Caleulus |,y A isder ¥ = R (XD 4m [[u{=x) m]ux
[*\\) The equations (6 (7) and (5) pive il
S b h
_____:_ - I| A = j.! r:’ X J‘ 1111 Il'r:l; 1_“,-”{ i } AT Iﬂ”

I
= [[r(x) =g(x}]dx
[ |
which is same as (4) Thuas,
If  (x) and g (x) are continuous Tunctions an the

f{x)2 g (x) ¥V x e [a, b], then the area of the region bound Xa T |

interval [q, b
by y= £ (x), on the left f:ll:." X =g and on the ﬂ'gﬁt h}' x = bila bove h‘}":r" = I'l:x], hl:ll'h.-.l

b
= [If(x) -g(x)]dx

mFindthearc.mﬂhercgiunbmmdedabwtbyy=x +6. ba

¥ :—_‘I[--,rﬂﬂd bﬂlll‘lﬂcd on the Sj'dq;s h}" the unded hﬂ[ﬂwh}n

Iiﬂﬂﬂxltﬂarﬂx ).

Solution : y =x + 6 is the equation of the straipht line and y

parabola which is symmetric abog : = x* is the equation of
- tthe y-axis and origi of the
bytheﬁﬂﬁx:ﬂﬂﬂdx.__‘?_ mﬂhmmﬁhﬂﬂtmﬁﬂnisbnundﬂj

ﬁ‘_x

129
MATHEMATICS
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3 FAuare unisg MODULE .y
¢t ¢urves interseet then the sideg of Caleulus
fuces 102 point, rather than a vertic) lllr‘r:ur:gmmn Tq;m the upper and lower eurves ntersect '

e
=\
|m Find , =
nd the area of the regjon enclosed between the curves y =x! and f;;ll
Hoden

v=Xx+6,

Sl : i

_“ “I'-'l‘::d w“h‘l‘ﬂ"-"-' El'lflt Yy =x? isthe equation of the parabola which is symmetric about the

i:_;}q:riﬁ-. u_::"fl':-‘: i E“}hﬂ? = % +16 i the equation of the siraight line which makes an angle
NS aving the intercepts of —g and 6 with the fespecti

(See Fig. 27.18). ‘ R

Fig. 17.18

A sketch of the region shows that the lower boundary is y = i mmwmﬂw=
s +6. These two curves intersect at two points, say A and B, Solving these to eqUERSREWE get

x2 =x+6 = xl—x=6=0

- [x—3][1+2]=u
\.‘.ﬂmnx=3,}'ﬂgaﬂdwhmx=~—2,y=4

= x=3-=1

-, The required area = fz[hw 6)-x* |ds

2 3
= L+ﬁ —""‘i
2 31,

27 ( 31_)
_.;E—fi-gquarﬁmﬂﬁ

b
) Fmdﬂmareanfmﬂmginumlﬂsedb;wm:h
: . on of the par
2 s he equation ©
Suluﬂun:WEknnwthaty:g is the

he curves § =X

(kN

—ra s ATICS
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HQDU_LE oV 1 vigws and sveriey mormen v~ 1 i The aqualon of the etright line Possing lr“'l"l'llﬂrl ] .t
Calculus rusking an angle of 457 with the v-avis fsce Fig. 27.19) ; Mg, -h.J
i >
~ A sbeach of the region shows that the kower boundary i y = x7 anil the IPEE By
- : Iy
\ fine v =1 Theee fop curvest idersect of fun rhhnr:.l'!nrr-f.-\. .‘um-mﬂ Ih"““"-h-p L'T‘_rl..,
* .ﬁ L]
it 5] ¥ rul"““'li ’
— -
. X
{ % .0 .
= (]
yex
T " |---'|Il:‘|||_.1'....l1 _!'R'rlhfh'_.*

-
e forem gy
—— ks LTEG

Fegured anes

& '!'II{ £ =x’ }d"'

g2 27

[ 2 3
_1o1

2 3§ Squarc units

mﬁﬂdﬂicmbﬂw:dﬂbymcw

Soluthin . T2 -
ulion »* We kmow thar ¥ = dx Limt‘quariﬂnnf'thn

X~axis and origin is the o , parabola which ; +
miking an angle of 45 g S 1€ EQUAtioN of the stmight fine et - e 220U the
A sheeteh of it the x-axis (sce Fig, 27.20) ne passing through origin gng
4 _:1'_-'."__ JLiE i m "
ﬂmm*anm.-mmwmmb““““mfsrwwmmmmmn,~ ,
;'"_i_ ) “quations, we get
4 J" ‘ﬁ F r".:l.'
- }'{‘}'“4}=ﬂ T
i = A ¥~ by
y=0,4
“hm}'zﬂ'”qumﬁ“'lm:-'=4,x=d
e, :
flj.‘ 4 l}
Themfu;ﬁﬂwmqumm;;s! B(%)= x,u= 0. —> x
-1( 1
=I 2x? '-"EJII'JE
0 Flg. 27,20
3 4
- ixi-ﬂ
3 2
0
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-. ﬁ | MODULE -V

] 3 H Calculus

B
z 3 Sare umits

m Find the arca common 1o two ll'mml'ml:m. ;1 = .ni.:ﬁr and jrl = dax

' abolas, which
<olution 2 We know that y2 = dax and 2 . 4y are the equations of the parabolas, whic
wre symmetric about the x-is and y-axis respectively.

Also both the parabolas have Mlieir vertices at the origin (see Fig. 27.19).

1 = day anel the upper boundary 13

A sketch of the region shows that the lower boundary is X | e
Th rves intersect al fwo points 0 und A. Solving these
1= tWo Cu 1}
y- = dax, 1hese
have I‘
.l—— = -l-h]_:l;
162’
= % [ x — 64 } =0

x = 0,42
=

Hence the two parabolas intersect at point

(0, 0) and (4a, 4a).

: Flg. 1721
X e -4
Here f(x)= 4ax,g{1]=-;;,anﬂanqlb a
Therefore, reguired arca
4a % i
= ;i dax
0
3 da
7 3
224ax2 X
= 3 12a Jo
1
120> 108
= --3- "',3 "
‘.l-ﬁ-al squﬁffr“mﬁ
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MODULE . v
Coleulya

[N

(1) f[ffx}+g{x]]'d:¢ —jf{x}dx +J-g(x

i) f[f{xJ 2(x)]adx -_[I'{:r. )dx

[
.O CHECK YOLR PROGRESS 27,48

I Firnd the srens of the clrele @ }.5' i 1)

¥ 2

X
Notes |20 Piodd the mren of the ellipse ¥ drd

1
3, Fined the area of ihe ellipse x_ - Lw I
25 16

4 Finel the area hounded by the clrves yl = 4 axandy = 3—2
4
5. Find the area bound I w the ¢ 2
ounded by the eurvey ¥* =dxandx? = 4y,
!‘1.

Find the area enclosed by the curves y

.m

- If Tis continuous i [a,

-.'-tzilnd}r =X 42

b} and F is an ant derivative of fin [a, b], then

jrijdx =F(b) -F(a)

If fand g are continuous in [, bland cis 4 constant, then

0) fﬂffx}dx-cfr(x}dx

)dx

—fg[x}dx

The arpg
bounded by the curve y="f(x), lhr: X-axis and the ordinates

X=a,x=bjs f""(x}ﬂx .;rjrd:-:
Where y = £(x) is

4 continuoysg single valyed
the interva] Gy function ang ¥ does not change sign in

iy

MATE P12, e
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17§ (x) and g (x) are contimuous finctions on the interval {a, | and £ (1) » g ). for a1 | MODULE -V
Caleulus

i

X E lﬂ.h]- !}mﬂtmnfﬂwmmhmhhﬁwhy * (), below by y = g (1), on
the lefl by x = a and on the right by x = h in

b

JLECx) = r(x)]dx

__JEW
. hn‘p Al "u.‘l-inr.“'il.'i;ﬂ‘.fiﬂ e

kien:/‘mathwarld wolfram.com

1 to 5) a5 the limit of sum.

Evaluaic llﬂfﬂ'[‘k‘rm‘tngﬁepﬂs[ b
[ inxdn
i : 3. Es.m
1. jxd'.r. 1_E1 dx ]
3
i (s +1)e
4 {tﬂs;d}: 5.
A 1}
a
Evaluate the following integrals (610 25) i
-
Icnltdt
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ft]'n_l;|.|n1ql| 0 J-Il"ﬂf" i O ]il'ﬂ,‘
i

" f
; ‘lﬂ:"' l 3
| —————dx22. [log(] + tan x yedx 21, } int
BINE 4 Coex {[ n“n Jﬂcnu-"h

l'--------l—|—_
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|
AIECK YOUR PROGRESS 27,1

st

15 |
2 ¢

| R _
i, {MT (b 2 fc) P (i} 1

CHECK YOUR PROGRESS 27.2

= . " | I 3 ) ':-E
| EI_1 5 E“ﬁ 'i- 1. ;Ingﬁ -.E-ran
WL (% g Eieg2
4, 29 5-T5— 6. r 1. ;
E E-Iugi]
8.0 9.0 0. 3|3
CHECK YOUR PROGRESS 27.3
27 B
k. %m"ﬂi“ L =5 g us 3.“-——1—-;4m:.=.
a
4, ¢t (1 = ME\J
CHECK YOUR PROGRESS 27.4
1 Oy 54 units 2. G 5q. unis 3, 2 54, LniS
15 i G, = &, uns
4, !;azsq.mﬁts 53 s, units 5 4
TERMINAL EXERCISE
- 3 o h‘
b? - 1‘__1_5'— 3. cosd —COS
'i e ——
2 A
m_
. b3
4, ginb—sind
W+
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I,

ey

14, 1 = log 2

el

17, =

231

o
- |

2
1§, ===

3 log 2

|
21, EIug{HJE}

24, 78
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